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Learning Objectives

1. Understand the population multiple linear regression model through equations.

2.JFit MLR model (in 1) with one continuous and one categorical predictor.
3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.

4. Fit MLR model (in 1) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.
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Reminder of what we learned in the context of SLR

e SLR helped us establish the foundation for a lot of regression

= But we do not usually use SLR in analysis

Model Use

What did we learn in SLR??

Model Fitting

\Z{rdinary least squares (OLS)

o functioninR

—op—

¢ |Inference for variance of residuals

» Hypothesis testing for coefficients

J I‘nterpreting population coefficient
estimates

e Calculated the expected mean for
specific X values

¢ |Interpreted coefficient of
determination
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e LINE Assumptions

¢ |nfluential points

e Data Transformations
!—\_/\



Let’s map that to our regression analysis process

Model Selection Model Fitting

¢ Building a model

Find best fit line e Evaluation of model fit

e Selecting variables Using OLS in this class e Testing model assumptions

¢ Prediction vs Parameter estimation Residuals

interpretation

Categorical covariates Transformations
e Comparing potential

models

Interactions Influential points

Multicollinearity

Model Use (Inference)

e Inference for coefficients e Inference for expected Y given X

———————
e Hypothesis testing for coefficients
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Going back to our life expectancy example

¢ InSLR, we only had one predictor and one outcome in the model:

= Qutcome: Life expectancy = the average number of years a newborn child would live if current mortality
patterns were to stay the same.

= Predictor: Cell phones per 100 people, the number of cell phones per 100 people in a country
¢ Let’s say many other variables were measured for each country (see codebook)
= Income levels: Low income, Lower middle income, Upper middle income, High income

= Vaccination rate: The percentage of one-year-olds who have received at least one of the following
vaccinations: BCG, DTP3, HepB3, HIB3, Measles 1st,Measles 2nd, PCV3, Pol3 or RotaC.
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https://www.gapminder.org/data/documentation/gd004/
http://localhost:6454/lessons/gapminder_codebook.html

We have seen some work with these variables

¢ We have looked at some of the “simple” linear regression relationships between life expectancy and these

variables (e.g. cell phones, income level, vaccination rate)
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Learning Objectives

1. Understand the population multiple linear regression model through equations.

2. Fit MLR model (in ) with one continuous and one categorical predictor.

3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.
4. Fit MLR model (in 1) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.
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Simple Linear Regression vs. Multiple Linear Regression

Simple Linear Regression Multiple Linear Regression

We use one predictor to try to explain the variance We use multiple predictors to try to explain the
of the outcome variance of the outcome
Y = o +[B)X + e Y = o+ BiXa+ FoXat. .. +BDH e

ﬁ pred.ictors

 Has k + 1 total coefficients (including intercept) for k
predictors/covariates

e Sometimes referred to as multivariable linear

regression, but never multivariate
L mub pl owtzomer

e The models have similar “LINE” assumptions and follow the same general diagnostic procedure
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Population multiple regression model

Y=00+b6X1+5Xo+ ...+ X+ €

or on the individual (observation) level:

y; = Bo+ Bizin + Boxio + ... + Brxir + €, fori=1,2,...,n

Observable sample data Unobservable population parameters

* Y is our dependent variable e By, B1, B, - - - , Br are unknown population
= Aka outcome or response variable parameters

e X1,Xs,..., X areour kindependent variables = From our sample, we find the population parameter
= Aka predictors or covariates estimates: 8o, 81, B2, - - - , Bk

e cistherandom error
= And is still normally distributed

= ¢ ~ N(0, %) where o2 is the population
parameter of the variance
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Learning Objectives

1. Understand the population multiple linear regression model through equations.

2. Fit MLR model (in R) with one continuous and one categorical predictor.

3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.
4. Fit MLR model (in 1) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.
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Visualize relationship: life expectancy, cell phones, and income level
Mmu lh vanab (o p(a'f's

Life Expectancy (yrs)

Life expectancy vs. cell phones
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Poll Everywhere Question 1

14:11 Mon Feb 9 @) em1C79% @

Join by Web  PollEv.com/nickywakim275

Based on the plot below, does it seem like the number of cell phones varies by income
level

Life expectancy vs. cell phones

Income level

Low income «=
=&~ Lower middle income
=~ Upper middle income

High income

Life Expectancy (yrs)




How can we model life expectancy with cell phones and income level?

Simple linear regression population model

LE = By + Bi1CP + ¢

. Multiple linear regression population model (with added income level)

LE =8y + B1CP + BoI(IL = “Lower middle”)+
BsI(IL = “Upper middle”) + ﬂy[ (IL = “High”) + €

\) ref group of low income
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How do we fit a multiple linear regression model in R?

New population model for example:

LE = By + B1CP + B2I(IL = “Lower middle”) + B3I (IL = “Upper middle”) + B2I(IL = “High”) + €

» Code: Use Im() to fit model and then tidy() to display regression table A Check V’ecofdll/\g for cocle

(99 income_level_4High income 13.340

Fitted multiple regression model:

A term estimate std.error statistic p.value conf.low conf.high
N—— —

Bd (Intercept) 62.254 1.792 34.735 0.000 58.698 65.810
£

‘B( cell_phones_100 0.023 0.019 1.239 0.218 -0.014 0.060
;8\7’ income_level_4Lower middle income 3.518 1.720 2.046 0.043 0.106 6.930
7@‘3 income_level_4Upper middle income © 7.293 1.946 3.748 0.000 3.432 11.153
o 2176 6.131 0.000 9.024 17.656

annotation

LE =By + BiCP + BoI(IL = “Lower middle”) + B3I (IL = “Upper middle”) + BoI (IL = “High”)
LE =62.25 + 0.023 CP + 3.52 I(IL = “Lower middle”) + 7.29 I(IL = “Upper middle” )+

13.34 I(IL = “High”)
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N .
LE = Int + slope CP



Learning Objectives

1. Understand the population multiple linear regression model through equations.

2. Fit MLR model (in ) with one continuous and one categorical predictor.

3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.

4. Fit MLR model (in 1) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.
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Interpreting the estimated population coefﬁcients

e For afitted model: conhinuous obs ig in cak 3
. A/A . / W'I(X =cad 3)=7
Y =6y + ﬂle + B2l (X5 = “cat 27) + B3I (Xo = “cat 37) (XZ Ca.)t)) 0

= Where X is continuous variable and X5 is categorical with 3 categories ( C ok 1 e 'Fe renc .)
3 mwu P

General interpretation for BO General interpretation for El General interpretation fo- Bz

The expected Y-variable is ( B For every increase of 1 Xj-unitin || Adjusting/controlling for X;-
units) when the X;-variable is O the X-variable, variable, the difference in mean 'Y’
1-units and Xs-variable is adjusting/controlling for X»- -variable comparing Xs-variable

reference group (cat 1) (95% ClI: variable, there is an expected in category 2 to the reference
LB, UB). \ increase/decrease of |Bl| unitsin group (cat 1) inits (95%: LB,
\\ the Y'-variable (95%: LB, UB). UB).
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Interpreting the estimated population coefficient: B\o

 For an estimated model: _ 0 . O = O
N L7 i 7
& Y £ Bofy BiXy + Bol(Xy = “cat 27) + B3I(Xp = “cat 3”)
> —_— ——

e We want to get to a statement wilone:

Y =Bp+ /5\10 + 320 + 330
Y

=5 whon X, 15 0 & Xy is ref grp

N
Interpretation: The expected Y -variable iwhen the Xj-variable is O X7 -units and Xs-variable is

reference group (cat 1) (95% CI: LB, UB). ~

B,
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Interpreting the estimated population coefficient: 54
e We will use@an -— 21, + 1, with the implicationthat Azy = x1p — 1, = 1

e Our goal is to get to a statement with 31 alone: ( tn +erms of )’)

ﬁo + ,8'+ ,82_[ X2 = “cat 2”) == B\gI(Xz = “cat 3”)
ﬁo + ﬁ]'—l— ﬂ2I (Xo = “cat 27) + ,BgI(XQ “cat 3”) Aslong as Xy is the

category (aka adjusting

+ 5151311) @ /@m or controlling for Xo),_
then any terms with

O/lﬂ/-l- ﬂ1$1a ,Mt 3” )j sz will cancel out J

2

?!«’Bw - i/\'\ilha 515011; ~ 51$1a XL he \0!
Y|z — Y|z, 51($1b—£v1a foy u/eo\z A unit inc in X constant
Y|£L‘1b = ?\xla &—S = 1
diff in expectcd Y

Interpretation: For every increase of 1 X-unit in the X;-variable, adjusting/controlling for Xo-variable, there is

an expected increase/decrease of \§1| units in the Y-variable (95%: LB, UB).

Lesson 9: MLR Intro



e We can so the same for Xo: @9, is the reference group and xy is category 2

e Our goal is to get to a statement with 32 alone:

17\5132(1 :Bo+§1X1+Bz X 0+33 x 0

?\m% :BO N B\le e B\z x 1+ B3 x 0 As long as X is the same
R - S y A value (aka adjusting or
Y|z — Yo, Z%—F% —%%] / controlling for X3), then
~ houih the two 31X terms will

Y|za — ¥|zaa =52
ditf v expected v

Interpretation: Adjusting/controlling for X;-variable, the difference in mean Y -variable comparing Xs-variable

Consd 5 cancel out

in category 2 to the reference group (cat 1) is ]Bg] units (95%: LB, UB).
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What do the fitted regression lines look like?

Life expectancy vs. cell phones with fitted regression lines
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Yy - - 0 ~ .0 . //\
LE =By + BiCP + BoI(IL = “Lower middle”) + B3 (IL = “Upper middle”) + 85I (IL = “High”)

-

LE =62.25 +0.023 CP + 3.52 I(IL = “Lower middle”) + 7.29 I(IL = “Upper middle”)+
13.34 I(IL = “High” ~ : B
g e L€ = Iht + slope CP
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Poll Everywhere (

14:43 Mon Feb 9

Join by Web  PollEv.com/nickywakim275

A
For the fitted regression modelwith-cellphones and income level, what is the intercept A = ) + 5 C P + O
for the regression line whel income level is high? L E ﬁb | 2

A

LE = 62.25 + 13.34CP
LE = 65.77 + 0.023CP

LE = 69.54 + 0.023CP
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Getting these interpretations from our regression table

Fitted multiple regression model:

LE =8y + BiCP + BI(IL = “Lower middle”) + B5I(IL = “Upper middle”) + BoI(IL = “High”)

LE @ 0.023 CP + 3.52 I(IL = “Lower middle”) + 7.29 I(IL = “Upper middle” )+
1334 I(

IL = “High”)

Interpretation for Eg Interpretation fo- Bl Interpretation for 32

The.average life expectancy is
@. for a country with O
cell phones per 100 people and

low income status (95% Cl: 58.7,
65.81). &

./

For every increase of 1 cell phone
per 100 people, thereis an
expected increase of 0.023 years
in life expectancy (95% Cl: -0.014,

0.06), adjusting for income level.

rﬂ%q)
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The difference in average life
expectancy comparing lower
middle income countries to low
income countries is 3.52 years
(95% Cl:0.11, 6.93), adjusting for

" | cell phones per 100 people.

22



Learning Objectives

1. Understand the population multiple linear regression model through equations.
2. Fit MLR model (in ) with one continuous and one categorical predictor.
3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.

4. Fit MLR model (in R) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.

Lesson 9: MLR Intro
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Can we improve our model by adding food supply as a covariate?

Simple linear regression population model

LE = By + B1CP + ¢

Multiple linear regression population model (with added vaccination rate)

@: Bo+ B1CP + 52\%4- €
N—

how Vax rate
Changer relabionship
blw (P X Le?
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Visualize relationship: life expectancy, cell phones, and vaccination rate
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Visualize relationship in 3-D
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Relationship with 2D plot with color

Life expectancy vs. cell phones
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How do we fit a multiple linear regression model in R?

New population model for example:

* LE =By + B1CP + B VR + ¢

ot alpl' 7‘ |’| 1
1 # Fit regression model: + v T
2 mrl <— gapm %>%
3 (formula = life_exp ~ cell_phones_100 +(vax_rate)
4 (mrl, conf.int=T) %>% gt() %>% (table.font.size = 35) %>% (decimal
A term estimatg std.error statistic p.value conf.low conf.high
Bo (Intercept) 46.833 6.042 7.751 0.000 34.848 58.818
A' cell_phones_100 0.075 0.018 4.074 0.000 0.039 0.112
S——
vax_rate 0.168 0.073 2.318 0.022 0.024 0.312
I3 C .
Fitted multiple regression model: ' :
ple reg ine n Le hr ewz/wa 1 2cell pl/\ow_,pu’
LE = B, + BiCP + B:VR 00 ppl is [ower
LE = 46.833 + 0.075 CP + 0.168 VR than ir SLR
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Visualize the fitted multiple regression model
e The fitted model equation
Y=080+p81-Xi+ B2 Xs

has three variables (Y, X7, and X5) and
thus we need 3 dimensions to plot it

78

76

74

72

70

68

66

64

62

60

¢ Instead of aregression line, we get a
regression plane

foue”

m See code in - file. I hid it from view in
the html file.
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Regression lines for varying values of food supply

1E = B() + ElCP + BQVR

LE = 46.833 0.168 VR

e Note: when the vaccination rate is ‘ 1 (mrl_2d = (mrl, interactive = T))
held constant but cell phones o
varies... e®ee ° .

80 1
= then the outcome values change . " IO X P
alongaline ‘ D
® 9

* Different values of vaccinationrate 2|, . s s

give different lines ® ® 2 =
2 ° e % —

. . - o (]

The intercepts change, but . . . 0 ‘ 0 15/ .
= the slopes stay the same (parallel 60 1 ¢ . (g

lines) ¢ Qlo W’ \

* Sams
50 A ¢
50 100 150 200
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How do we calculate the regression line for 80% vaccination rate?

y &

%" TE = 46.833 + 0.075 CP + 0.168(VR)
LE = 46.833 + 0.075 CP +0.168 (80)

LE — 46.833 + 0.075 CP +13.463 °

TE = 60.297 + 0.075 CP

‘ 1 (mrl_2d = (mrl, interactive = T))
L ]
.. oo [ ] 0
[ ]
801 . = «'10
\o o .0 ® ’o 1
\{*d\(bo - :.’ o $ Nax_rate
\ A < ~ 6 100
S 701 . e 90
GJI R ® (I ~
o o el 80
= [ ] ﬁ
I 70
[ ) P .. [ )
601 . " = 60
o 2
[ ]
504
50 100 150 200
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Poll Everwhere Question 3

13:25 Wed Feb 11

Join by Web  PollEv.com/nickywakim275

Lo CP:
(e =46 83 °
D/{O.DK (60 +

.33 0. 6% VR

Ut = 5133+ 0.063UK
O lint @ 6O CPH
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Learning Objectives

1. Understand the population multiple linear regression model through equations.
2. Fit MLR model (in 1) with one continuous and one categorical predictor.

3. Interpret MLR coefficient estimates from model with one continuous and one categorical predictor.

4. Fit MLR model (in 1) with two continuous predictors.

5. Interpret MLR coefficient estimates from model with two continuous predictors.
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Interpreting the estimated population coefficients (Ref )

¢ For a population model:

Y:,B0+_5_1X1+,32X2+6

—

= Where X; and X, are continuous variables

= No need to specify Y because it required to be continuous in linear regression

General interpretation for B@

The expected Y -variable is (Bo
units) when the Xy-variable is O
Xj-units and Xo-variable is 0 Xg-
units (95% CI: LB, UB).

General interpretation for 5; General interpretation for 85

For every increase of 1 X;-unitin
the Xy-variable,
adjusting/controlling for X-
variable, there is an expected

"| increase/decrease of | 81| units in

the Y-variable (95%: LB, UB).

For every increase of 1 Xs-unitin
the Xs-variable,
adjusting/controlling for X-
variable, there is an expected

increase/decrease of | B3| units in

the Y-variable (95%: LB, UB).

Lesson 9: MLR Intro
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Interpreting the estimated population coefficient: B\o

e For an estimated model: ¥ = ,/8\0 + B1XQ + /ﬁ\zXz

Y =By + 8,0 + 550
. \s‘w’"}s( /\_/5\0+51_/iﬂ2T
0 C:k' Y = 0
2 wiven X1 & Xy are O

Interpretation: The expected Y -variable is (BO units) when the X;-variable is 0 X;-units and X-variable is 0 X;

-units (95% CI: LB, UB).
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Interpreting the estimated population coefficient: 31

e Wewilluse: 21,and x1, = x1, + 1, with the implication that Az; = 1 — 21, = 1

e Our goalis to get to a statement with 31 alone: QA

{ ?\CBM ZEO + Blivm + BzXz .

17|;1;1b :BO + Blg;lb + 32X2 As long as X is the same
N N - ‘ R q value (aka adjusting or
Yiz — Yz, :!ﬁ(+ Biz1p — W‘ B1T1q % cpntrolling for Xs), then
~ ~ ~ ~ the tw BzXz erms will
Y’ZElb - Y|$1a :/lelb — /lela \Cance|@
px, =L (edey L Wt
(ne in 7

| AU 4 . . .. . . .
Interpretation: For every increase of 1 X;-unit in the X;-variable, adjusting/controlling for X-variable, there is

an expected increase/decrease o |Bl\ nits in the Y -variable (95%: LB, UB).
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e We can so the same for Xs: 9, and x9p, = o, + 1, with the implication that Az = 29y — 29, = 1

e QOur goal is to get to a statement with 23\2 alone:

?\wza :BO + B1X1 + Bﬂza

?|mgb :BO + Ble + Bzx% As long as X is the same
N . A N = R value (aka adjusting or
Y|zo — Y|zae =|Bo + X1+ 5251324 — [50 + B X1 K Bazag controlling for X), then
~ ~ —~ ~ the two 31X terms will
Y‘CL‘Qb - Y|$2a :ﬂszb - /B2w2a cancel out

?\«’Ezb — 17|902a =La(T2p — T24)

?‘37212 — ?\wm 2/5\2

Interpretation: For every increase of 1 Xo-unit in the Xo-variable, adjusting/controlling for X;-variable, there is
an expected increase/decrease of | 35| units in the Y-variable (95%: LB, UB).
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Poll Everywhere Question 4

13:41 Wed Feb 11 @) e (¢ 88% @

Joinby Web  PollEv.com/nickywakim275

Let's say | have the following fitted model for the life expectancy example:
LE = 33.595 + 0,157FLR — 0.071 FS

What is the most appropriate interpretation for the coefficient for food supply?

FLR

there is an expected increase of -0.071 years in life expectancy (95%: -0.092, -0.049).

For every 1 kcal PPD increase in the food supply, adjusting for female literacy rate, o .

For every 1 kcal PPD increase in the food supply, adjusting for female literacy rate, the
is an expected decrease of 0.071 years in life expectancy (95%: -0.092, -0.049
AEEE————

Adjusting for female literacy rate, for every 1 kcal PPD increase in the food supply, ()
there is an expected decrease of 0.071 years in life expectancy (95%: -0.092, -0.049).

For every 1 kcal PPD increase in the food supply, there is an expected decrease of o
0.071 years in life expectancy (95%: -0.092, —0.049?djusting for female literacy rate.
—————

For ev kcal PPD increase in the food supply, there is an expected decrease of 0.071
years in life expectancy (95%: -0.092, -0.049).



Getting these interpretations from our regression table

We fit the regression model in R and printed the regression table:

1 mrl <- (life_exp ~ cell_phones_100 + vax_rate,

2 data = gapm)
term estimate std.error statistic p.value conf.low conf.high
(Intercept) 46.833 6.042 7.751 0.000 34.848 58.818
cell_phones_100 0.075 0.018 4.074 0.000 0.039 0.112
vax_rate 0.168 0.073 2.318 0.022 0.024 0.312

Fitted multiple regression model: LE = 46.833 - 05)'5 CP + 0.16§_]VR
c 0.(

Interpretation for BO Interpretation for Bl Interpretation for Bg

The average life expectancy is For every increase of 1 cell phone For every 1% increase in
46.83 years for a country with O per 100 people, thereis an vaccination rate, there is an
cell phones per 100 people and 0% || expected increase of 0.08 yearsin || expected increase of 0.17 yearsin
vaccination rate (95% Cl: 34.85, a country’s life expectancy (95% a country’s life expectancy (95%
58.82). Cl:0.04,0.11), adjusting for Cl: 0.02,0.31), adjusting for cell

‘ " | vaccination rate. phones per 100 people.
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Extra resources



What we need in our interpretations of coefficients (reference)

e Unitsof Y J e If other covariates in the model

e Units of X / = Discussing intercept: Must state that variables are

e If discussing intercept: Mean or average or expected equalto0
beforgY - o or at their centered value if centered!

e If discussing coefficient for continuous covariate: = Discussing coefficient for covariate: Must state
Mean or average or expected before difference, “adjusting for all other variables”, “Controlling for
increase, or decrease all other variables”, or “Holding all other variables
= OR: Mean or average or expected before Y constant”
= NOT: predicted o |f only one other variable in the model, then

replace “all other variables” with the single

= Only need before difference or Y!! variable name

Confidence interval
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Technical side note (not neededin our class)

e The equations for calculating the Bvalues is best done using matrix notation (not required for our class)
* We will be using » to get the coefficients instead of the equation (already did this a few slides back!)

* How we have represented the population regression model:

Y =00+ 081X1+ o Xo+ ...+ B Xk + €

* How to represent population model with -~ - - .
O TEpresent pop Y I Xy X ... Xig
matrix notation:
Yv2 1 X21 X22 .o Xg,k
Y — X —
Y=XB+e ; . IR SR
Yo = Xox(k+1)B(k+1)x1 + €nxi L3 e 1 X Xn2 ... Xoko nx (k+1)
e X is often called the design matrix €1 [ 5o ]
= Each row represents an individual € — €2 631
= Each column represents a covariate B =
_en_ nx1 _/Bk_ (k—l—l)Xl
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