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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.
3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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Where are we?

Basics of probability

* Qutcomes and

Probability for random variables

* Probability functions: pmfs/pdfs
e Cumulative distribution functions (CDFs)
* Important distributions

events Two random variables
» Sample space | « Transformations
) ) » Joint distributions
* Simulations * Independence and conditioning

* Probability axioms

* Probability
properties

Expected values

* Means / expected values
* Linear combinations and conditioning

. Counting * Variance

* Rules of probability |——s

* Central limit theorem
* Functions: moment generating functions
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually

exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.
3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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Set Theory (1/2)

Venn diagrams

Definition: Union

The union of eventndenoted by

A U B, contains all outcomes that are in A
or B or both

Definition: Intersection

The intersection of events@nd

denoted by A tains all outcomes
that are both in A and B.

C—

ANB
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Set Theory (2/2)

Venn diagrams A| P\

Definition: Complement Q
The complement of even

AC or A’ contains all outcofnes in the

sample space S tha’@ ‘

Definition: Mutually Exclusive

Events A and B are mutually exclusive, or
disjoint, if they have no outcomes in
common. In thiscase A N B = (), where ()

is the empty set.

ANB= &
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How can we code some of these? (1/2)

We're going to roll two four-sided dice. This time, let’s say event A is rolling matching numbers and event B is

rolling at least one 2.
[————

Rep S
e First, we simulate rolling two four-sided dice 10,000 times ! P 2 3. (s0060
/L?:\
1 set.seed(1002) €— rON t ‘ l,(L)l-]» |
2 rolls = replicate sample(x = 1:4, size = 2, replace = TRUE)) l ;
—— ol & ()

e Now, we can create logical vecto\rs for events Aand B
/ \

1 event_A = ( rolls|[1, {arolls[z, 1) F
2 head(event_A, 10) T F

[1] FALSE FALSE FALSE FALSE FALSE_ FALSE FALSE FALSE FALSE
1 event_B = ( rolls[1l, ] == 2 | Jrolls[2, ] == 2 ) OR B = C U D

2 head(event_B, 10) J
s D setond

[1] FALSE FALSE FALSEALSE
C ArsT s o v\

dice volls 2 & -
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How can we code some of these? (2/2)

Union Intersection

AUB ANBA &B
AlB $p event_A_and_B = event_A & event_B
1 event_A _or_B = event A |(event_B ‘ 2 head(event_A_and_B, 10)
2 head(event_A_or_B, 10) " [1] FALSE FALSE FALSE FALSE FALSE FALSE FALSE
] FALSE FALSE FALSE (TRUE)FALSE (TRUE)(TRUE || FALSE FALSE FALSE
((TRUEYFALSE FALSE J

ACor A’ 1= A ANB=0A & B == NA
1 event_not_A = 'event_A ‘ 1 sum(event_A_and_B == TRUE)
2 event_not_B = event_B != TRUE [1] 621
3 head(event_not_A, 10) L;
[1] TRUE TRUE TRUE TRUE TRUE TRUE FALSE O

TRUE TRUE TRUE
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Learning Objective

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

4. Explain and use De Morgan’s Laws to simplify and solve probability problems.

5. Connect partitions and all rules of probability to calculate probabilities.
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Probability Axioms

For everyevent 4,0 < IP! A) < 1.Probability is
between 0 and 1.
pls)= — =1
| S|
For the sample space S, P(S) = 1.

P(AURAL VAU U AL)

If A1, Ao, As, ..., isacollection ofddisjoint gvents,
then I'\oo Q = P(A') t P(AL) + P(A3)
p(J4i) = > P4y, g + ..+ P(AL)

The probability of at least one A; is the sum of the P ( P‘ U 8 ) - ‘P [ Pf) - P( B)

individual probabilities of each. Chapten - Oh \Ud ‘-F gl[ SJ 0ol h+/ YV\WhAUL“&/
Y 7 hant3 Slides e XC )

| A)
Ay s ——




Some probability properties

Using the Axioms, we can prove all other probability properties! Events A, B, and C are not necessarily disjoint!

Proposition 1

Foranyevent A,P(4) =1 — P(AY)

C—

S

Proposition 2

P(0) = 0

N

Proposition 3

If A C B,thenP(A) < P(B)

—

Proposition 4

P(AUB) =P(A) + P(B) - P(AN B)

———

where A and B are not necessarily disjoint J

Proposition 5

P(AUBUC) =P(A) + P(B)+
‘ P(C) —P(ANB) —P(ANC)—

P(BNC)+P(ANBNCQO)
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Proposition 1 Proof

For any event A, P(4) = 1 — P(A%) A1:0 <P(4) <1

: A2:P(S) =1

S A U -ﬁ— = S A3: For disjoint A;,
@ P(A UAD=P(S) P 4) =X )
'\‘ ' L = |
A% A are p(AVAD =1
oUSJoivut v o
P(A) + P(A'D = 7]
—P(ADY  -PAY)

P(A'>‘-'—‘ 1 — P(f\')



Proposition 2 Proof

P@)=0 AL1:0 <P(A) <1
c :P(S) =
prop 1:  p(A) = 1- P(A%) 2§:F§rc)lisjoi|11tA,-,
w A= P4 A=S3 P(U4;) = £, B4y
P(#) =1~ P(s)

) @

La:i
P()=1L-1L =0



Use Axioms!

A1:0 <P(4) <1
A2:P(S) =1
A3: For disjoint 4,

P(U4:) = 5% P(4)

P(B)=P(A)+ P(BN A°>|

A % A _=0

OUs'm'V\f
(af:em AQ)\}.C_ A B) = plA)




Proposition 4 Visual Proof

Proposition 4

P(AUB) =P(A) +P(B) - P(AN B)

-

P(ANB)=0




Proposition 5 Visual Proof

Proposition 5

P(AUBUC)=P(A)+P(B)+P(C)—P(ANB)—P(ANC)-PBNC)+P(ANBNC)

P (A P(B) PCC)

SR AN

P(ADOB) P(ANLC) P(Bnc)
P(AN B AacC)
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Some final remarks on these proposition

¢ Notice how we spliced events into multiple disjoint events

= |tis often easier to work with disjoint events

¢ |f we want to calculate the probability for one event, we may need to get creative with how we manipulate

other events and the sample space

= Helps us use any incomplete information we have
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually

exclusive events to represent and describe events.
2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

4. Explain and use De Morgan’s Laws to simplify and solve probability problems.

5. Connect partitions and all rules of probability to calculate probabilities.

Lesson 3 Slides



Theorem: De Morgan’s 1st Law

ForacoIIectionofevents(sets)ﬂ,AZ,A3,--- ﬂ B’ = B' N BL N BS

ﬂ (0 ) =1 - (B,

=1 " =I"

C»

“all not A = (at least one event A)“” or “intersection of the complements is the complement of the union”

Theorem: De Morgan’s 2nd Law

For a collection of events (sets) A1, Ao, A3, . ..

n

Uat= ()]

1=1

“at least one event not A = (all A)©” or “union of complements is complement of the intersection”
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BP example variation (1/3)

e Suppose you hav@ubjects in a study.

e Let H; be the event that person ¢ has highBP,for: =1...n.
— =

_— S

Use set theory notation to denote the following events:

1. Event subject 7 does no:c'have high BP
2. Event all n subjects have high BP

3. Event at least one subject has high BP
4. Event all of them do not have high BP

5. Event at least one subject does not have high BP
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BP example variation (2/3)

e Suppose you have 1 subjects in a study.

e Let H; be the event that person ¢ has highBP,for: =1...n.

Use set theory notation to denote the following events:

1. Event subject 7 does not have high BP l__\ : / or H .

—

2. Event all n subjects have high BP Hr

Pl y P2: H OH, = H DO H. N

\ y

3. Event at least one subject has high BP H U H

Pl % P2: (H U H; ”=C\>




BP example variation (3/3)

4. Event all of them do not have high BP l @

s

5.Event at least one subject does not have high BP

P1 PZ
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Remarks on De Morgan’s Laws

¢ These laws also hold for infinite collections of events.

——

e Draw Venn diagrams to convince yourself that these are true!

e These laws are very useful when calculating probabilities.

= This is because calculating the probability of the intersection of events is often much easier than the union
of events.

= This is not obvious right now, but we will see in the coming chapters why.
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

5. Connect partitions and all rules of probability to calculate probabilities.
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Partitions A A
s ) ¥

Definition: Partition

A3,..-. / Ap,

Asetof events { 4;}" | create a partition of A4, if
aaus

e the &’s are disjoint (mutually exclusive) and

A

n C
U4 =A BNA
=1
Z# J
Note sek of
e If A C B,then{A,BN A%}is a’partition of B.
o If S = |J A, and the A;’s are disjoint, then the A;’s are a "
. - S B ps P A
partition of the sample space. 3

Creating partitions is sometimes used to he
probabilities of disjoint events.

s
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Weekly medications

If a subject has an

e 80% chance of taking their medication

thisweek, P (A)= (.9

e 70% chance of taking their medication

next week, and F ( B)-‘: 07

e 10% chance of not taking their

medication either week, {7 [(A B )c) =().|

then find the probability of them taking

their medication exactly one of the two
weeks.

D¢ Morgam

Hint: Draw a Venn diagram labelling each of the parts to find the
probability. B TS

Let A= 4rke pud this week
B = foke wwd wxt wek

Med NM

Mt J
v -
[

=< M2

(0.
P(AVB)= P(R)+P(B)

AL -
"G((;‘“B':)* S L P(AUB)= l-P{f(A(i\\\?B;)
o(pnAc) OR P(AUB)—PANB) S



P(AVB)= P(R)+«P(B)-P(AAB)
0.1 = 0.8 + 07 -P(ANB)

+P(ANB) - 0.9 +P(ANBD
P(ANB) = (0.6
P(AUB) -P(ANABR)= (.9- 0.0

= 0.3
Thae prvb ot Take Hooir me d

QXMC'H/» ont Week is 0.3

=09



