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Learning Objectives

1. Define joint and marginal distributions for discrete and continuous random variables
2. Calculate or find joint and marginal probabilities, pmf’s, and CDF’s for discrete random variables

3. Calculate or find joint and marginal probabilities, pdf’s, and CDF’s for continuous random variables

4. Extra practice on your own: solve double integrals in a mini lesson
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Where are we?

Basics of probability

* Qutcomes and

Probability for random variables

* Probability functions: pmfs/pdfs
e Cumulative distribution functions (CDFs)
* Important distributions

events Two random variables
» Sample space »| « Transformations
. . * Joint distributions
* Simulations * Independence and conditioning

* Probability axioms

* Probability
properties

Expected values

* Means / expected values
* Linear combinations and conditioning

. Counting * Variance

* Rules of probability s

* Central limit theorem
* Functions: moment generating functions
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What is a joint distribution?

£x)

Definition: joint pmf Definition: joint pdf

The joint pmf of a pair of discrete RV’s X and Y is

pxy(z,y) =P(X =2zNY =y)

sssss

The joint pdf for two continuous RVs (X and Y) is
fxv(z,y),such that we have the following joint

probability:
Pla< X <bec<Y <d) =

b pd
//fX,Y(CL‘,y)dydCL’

New for

P(X=x,Y=y)=0
cowt RV




Important properties of joint distributions

Properties of joint pmf’s Properties of joint pdf’s

e Ajoint pmf px y (z, y) must satisfy the following e Ajoint pdf fx y(z,y) must satisfy the following
properties: properties:
= 0> pxy(z,y) < 1forallz,y » fxy(z,y) > Oforallz,y
= > > pxy(z,y) =1 ([ A
{all z} {all y} , I fX,Y(w7 y)dwdy =1

* Remember that fxy(z,y) # P(X =z,Y = y)!!!

u




Marginal distributions

Marginal pdf’s

Marginal pmf’s

Suppose X and Y are discrete RV'’s, wit Suppose X and Y are continuous RV'’s, Wit@
px.y (2, y). Then the marginal probability fx v(z,y). Then the marginal probability densi
functions are funct‘i§>ln5 are
“\} _ '\V\ 00
W& [ px@ = 3 pxx(@y) | i@ = [ gy
0’ {all y} g — 00 ——
I\ o0
pr® = 3 pxr(y) rw= [ forleyde
{all 2} -

vv\awi) o+ X '\V\Jveﬂrm-e

\Mar% oF X, Sum acmssé o A
5



Joint cumulative distribution functions (CDFs)

Joint CDF for discrete RVs Joint CDF for continuous RVs

The joint CDF of a pair of discrete RV’'s X and Y is The joint CDF of continuous random variables X and
Y, is the function F'x y (x, y), such that for all real
Fxy(z,y) =P(X <z andY <y) values of z and ¥,

=P(X <=z,Y <y

Fxy(z,y) = B(X <z £y)

)=
fX,Y(37 t)dtds
- @

n [ N\
M xa %Y )




Learning Objectives

1. Define joint and marginal distributions for discrete and continuous random variables

2. Calculate or find joint and marginal probabilities, pmf’s, and CDF’s for discrete random variables

3. Calculate or find joint and marginal probabilities, pdf’s, and CDF’s for continuous random variables

4. Extra practice on your own: solve double integrals in a mini lesson
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Joint distribution for two discrete random variables (1/5)

Let X and Y be two random draws from a box containing balls labelled 1, 2, and 3 without replacement.

1. Find px,y(w, y) _ ‘
2.FindP(X +Y = 3) K= 4irst dyowd

3.Find P(¥ = 1) N = secopd Arow
4.FindP(Y < 2)

5. Find the joint CDF F'x y(x, y) for the joint pmf px v (z, y)

6. Find the marginal CDFs F'x(x) and Fy (y)

(1



Joint distribution for two discrete random variables (2/5)

@ P(X+rY=3)=p(X=1,Y=2)~

Let X and Y be two random draws ?(X:D* / \(:l)
from a box containing balls labelled
1, 2, and 3 without replacement.

= 2.
b

( \ \
A 4 — A
6 6 3
1.Findpxy(z,y)

(DFind P(X +Y = 3)

® Y
x1 .‘!2 ’3
l/o /6 j/a
i, X |
X121 /6|0
31;@ Yo Kf PX=m == ) e %78
= 7
O x=4

for %=1,23% y=123
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Joint distribution for two discrete random variables (3/5)

O t(y=y)- = p(x=%, 1)

Let@md@ae two random draws =

froma box containing balls labelled _ _ N[ =

1, 2, and 3 without replacement. P(\f = () - % P(X - X ( - 1.)
X

3.Find P(Y = 1)

4.Find P(Y < 2) = F(x:\/(\( )+ P(é LyX=|) +
PLX=3, Y=
ST AR A
St @ RY£R)= (1) pITa) s e g - 2

j‘/O /O A Sum of mmvﬁw\a\,ﬂ
AN AW/ARL
NN P(1=2) =31 S PR Y=p
N 5l %=




Joint distribution for two discrete random variables (4/5)
P(x&l,Y&l) = p(x=1,Y=1)

Let X and Y be two random draws ?(X‘—’l / Yé‘l) = P(X: | Y= [}-’- P(X=| \[:9\>

from a box containing balls labelled
1, 2, and 3 without replacement.

5. Find the joint CDF Fx y (z, y) for P(xél,\{éa\) ZE P(X X \/ ‘3)

the joint pmf px v (x, y) \3 [ K=

i
')XLDQ T ¢ A \2(_%

ToTals] | [ roNaleia)
X| 2 y(g [5 X -_ZO XO ‘MT/G

s l/a Y3l “vo 19 I

=

——

| liw\




Joint distribution for two discrete random variables (5/5)
Fylx)= P(X&x)
et X and Y be two random draws —
Let dY bet domd FX(O“P(X‘4’1>

from a box containing balls labelled

1, 2, and 3 without replacement. — P( X - j— / \( = l )4/ P()(: l /Y:’L)

6. Find the(iarginabCDFs Fx(x)

and Fy (y) + P(?(f— \, \{ :3)

j&'} T ()

| 0 [VelYa /3 - P(x=1)

VAV AL
Y3 A 1

g\(&‘@\/g 7//3 1




Quick remarks on the joint and marginal CDF

o F'x(x): right most columns of the CDF table (where the Y values are largest) wms
A\
o Fy(y): bottom row of the table (where X values are largest) S

( P
" Fx(@) 5 Im Fxy(z,y) — ‘{V\afﬂ mal CDF of X takwr Y v
+ Fy(y) = Tm)Fxy (z,y) s max valu



Learning Objectives

1. Define joint and marginal distributions for discrete and continuous random variables
2. Calculate or find joint and marginal probabilities, pmf’s, and CDF’s for discrete random variables

3. Calculate or find joint and marginal probabilities, pdf’s, and CDF’s for continuous random variables

4. Extra practice on your own: solve double integrals in a mini lesson
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Common steps for joint pdfs and CDFs

1.Set up t@f the pdf with a picture
to needed integrands
* Tor probability: shade in the area of interest, then translate

¢ For expected value: translate domain

3. Set up integral: dzdy or dydx?

4. Solve integral!
-\/
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Example 2: Joint pdf (1/2) x
0
@ p(0exe1,0eYe'2) Y
et fxy(z yo)or _ 0.S l 9
d:m B [T aalxy) derly
P<X<DO<Y <) Og_ ]O}/cOnsﬁnf
— - 0. 2
O T 3 | 5 Uk o iy
B ¢ 0 Jo
( t ) - 0.5 2 2 xX=| 6.5
= ; o124 X] J” 24> (0= 0
ORI 1T s K=o g
| —S’ 3.t Ly @405
B I o ‘2\'() dA’A‘- Z%I =0




‘F(X) \V\+Caf&+f oKX \a__

(97 f* ﬂw”‘?r [ 54y
= 1

Example 2: Joint pdf (2/2)

‘%= |
Let fxy(z,y) = 3y° for ) = < -
O§w§2,0§y2§1. 2 H
2. Find fx(z) and fy (1) -Fx(’x) = L For D&x &
— ;AR /NN A LT 'FY VJ) WH"CSFW\’C owk K

'(;\{(‘a)’f ”FX,/(X\a—)M f:%%zdﬁ(
- 2yl sy 07
S Ely= 3y 0eyel

é(ﬂ;
P .~ .
P
~ — ol P
—s




Example with more complicated pdf (1/2)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let fxy(z,y) = 2¢~(@+Y) for
0<z <y

1.Find fx () and fy (y).



Example with more complicated pdf (2/2)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let fxy(z,y) = 2¢~(@+Y) for
0<z <y

2.Find P(Y < 3).



Recall: Finding the pdf of a transformation

o Let M be a transformationof X andY: M = g(X,Y)
e When we have a transformation of X and Y, M, we need to follow the CDF method to find the pdf of M

We follow CDF method:

1. Start with the joint\r7K for X andY
* aka fx,y(z,y)

2. Translate the domain of X and Y to M: find possible values of M

3. Find the CDF o@
e aka Fy(m) = P(M <m) = P(9(X,Y) < m)]

4. Take the derivative of the CDF of M with respect to m to find the pdf of M

d

* aka fur(m) = ——Fu(m)




Let X and Y have constant U X Y T(E =1 (% 3 Vb
density onthe square w ’fv — 'FX/" ‘0
<X g@o <Y <@

1.FindP(|X — Y| < 22

X-Y <A fiQWf S“ S% L dy o
— L 9=¥+1 A
:\a—,%-l f (6 ‘3'1%;0 M+JD_ Lo ‘a\ -'X-'LM
= Y
Q = {, {;(x+2>d¥+fl(%'£ﬁ>f)d4¢
= XXt g X gX (,L




ALT app roocl:

outzide of rtjibvl

= 2 desired
1 nﬂioﬂ



Example of a joint pdf with a transformation (1/2) AR NEXT CLASS &

Let X and Y have constant

density on the square
0<X<40<Y <4

0 ’Fxpf(xf\’(}):“\t lexed Oé\?jéb(
® Fulm)=p(M£m)=P( o (X,Y) € )

= P( X&m), Y=in)

2. Let(M X,Y).Fi(nd) _ _F ) d
the pdf forM, thatis fas(m - J' X,
® QOMA N - vv\ ﬂ ¢ XOUa/
//4_!~\_v~—~—q: NS \(05 \(o d/y/d% \S\ [ ]yoo
‘(Q'-h-*""“ -t (/( '3*7 = w
( ‘/ \6¢3 = S Mdha' ( = _]__ml
(‘(\ Q oV\S'\'aW" ‘(')‘:D Ha

7)\\ | ‘
1 (

(

(8

MY A 2 -
@ fpplm) ="k (Frm*)= T



Example of a joint pdf with a transformation (1/2)

(3) Let Z = min(X,Y"). Find the pdf for Z, that is?z(\z).

Arst Ad R ).
Let X and Y have constant

N £\ = i €2
density on the square tz (=R (2' ) }\ f?(mw\ (X'YS Show '{’ke&(
0<X<40<Y <4 < - Plmin &Y)>7)

ga’ - Q\LP.I WA youv
3.Let Z = min(X,Y).Find ‘jqﬁ—— s ‘PL,}’ 2, >2) W“’Q—‘

the pdf for Z, thatis fz(2) x

X A o
‘ 27{"(’}( = q"%’

>2 | = e X\l( =4"Qf"




Last example for home: more complicated transformation

Let X and Y have joint density
fxy(z,y) = $(z +y)inthe
region

0<x<1, 3 <y< 1lFind
the pdf of the RV Z, where

Z = XY.

possibu valws of 1

® 10- A

>0.5

0.0

: Oa-xcjl-—'iz_(az_l







Learning Objectives

1. Solve double integrals in our mini lesson!
2. Calculate probabilities for a pair of continuous random variables

3. Calculate ajoint and marginal probability density function (pdf)

4. Calculate a joint and marginal cumulative distribution function (CDF) from a pdf
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Double Integrals Mini Lesson (1/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes! ’

Example 25.1. Solve the following integrals. Y=
(1) /(/ .Lyd dx 3
o _ . LN
Sol;/etfllefollowmgmtegral. f(‘f 6&‘3,) AX f{x 't/ )d)‘
/ / xydydz f > b
2 Jo : 3

T
2 : "{A -}L-o)olx < | = Ax .
2
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Double Integrals Mini Lesson (2/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

@ [ | (@ +y)dyds

. . . - 3 ’ = /
2I3 /:?(:Z i y)djda:t . : fg: ‘f; ‘[')'(:'%5 - J; (Xy +£)}3

3

3
_f i Agzx/ g
= X+ X X ¢ Z :.._..;3_...
1/ 9“) 2 2 3. 3
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Double Integrals Mini Lesson (3/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

(3) / / e“tVdyda

Solve the following integral: fzy e &%’ dad)( f e 9/'4

3 ,l
/ / " Vdydx
2 Jo

[l

kfl(eq\e, Axr(e—a)e/ jﬁ 0) (e - e).
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