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Learning Objectives

1. Define and calculate the expected value for a function of discrete and continuous RVs

2. Define and calculate variance for a single random variable

3. Define and calculate variance for multiple random variables
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Where are we?

Basics of probability

* Qutcomes and

Probability for random variables

* Probability functions: pmfs/pdfs
e Cumulative distribution functions (CDFs)
* Important distributions

events Two random variables
» Sample space | « Transformations
) ) » Joint distributions
* Simulations * Independence and conditioning

* Probability axioms

* Probability
properties

Expected values

* Means / expected values
* Linear combinations and conditioning

. Counting * Variance

* Rules of probability s

* Central limit theorem
* Functions: moment generating functions
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Learning Objectives

1. Define and calculate the expected value for a function of discrete and continuous RVs

2. Define and calculate variance for a single random variable

3. Define and calculate variance for multiple random variables
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Let’s start building the variance through expected values of functions
X is RV ak b constants

%(3() is th of Ry X

Lef gpe a function and let g(z) = ax + b,
for real-valued constants a and b. What is

E[g(X)]? E(%(X))=E[&Xi[9]
A
what a\aoi/d( 9“31 X _ E(&X> + 6“01) ol pat
FLaL0) = EOX) CEEE b
£ (%) = EX) +b

Wovks blc LINE’A’R n

Lesson 14 Slides



What is the expected value of a function? £ (x) = f: X £ ¥ ( X) CMC

Expected value of function of discrete RV Expected value of function of continuous RV

For any function g and discrete RV X, the expected For any function g and continuous RV X, the expected
value of g(X) is value of g(X) is
E[g(X)] = >
9(X)] {%} 9(z)px () E[g(X)] = / g9(z) fx(x)dz

e For example, if we have g(x) = x2, then

1= 3

{all z}




Let’s revisit the card example (1/2)

E(q (X)) = E(XH)

Suppose you draw 2 cards from a

- 1T
standard deck of cards with - E X PY ( 'X,)
replacement. Let X be the number of {Wu'X:\; -
hearts you draw.

1.Find E[X2). _ % > [(2> O.ng(l—().)\g)a—x]
X=0

Recall Binomial RV withnn = 2: _ O‘l (

c 9~_|_ L
pX(x):(i)pm(l—p)z_mfora::(),l,z \%)“" 05 3_({)025075
p(v)=p=0.3S 1 i»r 2 (,L) 0.25%0.7

It E E(x)%ezm
- (2)(=
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Let’s revisit the card example (2/2) .
3 ()= (X~ %) (
A
Suppose you draw 2 cards from a E ( % (70) E [(X'_ 2>2] (ale X ) PX X)

standard deck of cards with

replacement. Let X be the number of % (x A_) ( >0 'LS"X 0. 73—-& X

hearts you draw.

2.Find E[(X — 3)7]. i (ij:) ( )0“ 015>+ ( (7,)0,50 75¢
Recall Binomial RV withn = 2: T ('L ) ( )0 {LS 0. 7S

pX(l'):(z)p‘”(l_p)?fEfor:)::(),l,Z E[{(X"?‘:y’} - 3/6
pu Rkt £(04) = (X0 X - ) - E00) ~E00 +E(8)

3@ %3
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Learning Objectives

1. Define and calculate the expected value for a function of discrete and continuous RVs

2. Define and calculate variance for a single random variable

3. Define and calculate variance for multiple random variables
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Variance of a RV N ownits of x:L

Definition: Variance of RV

The variance of a RV X, with (finite) expected value ux = E[X] is 9 X)= X - N)(

PR
= Var(x) — BI(X — ] — Bl — £y = (X EC0)

Definition: Standard deviation of RV

The standard deviation of aRV X is aNv dev l'a/‘l"!'é

SD(X) = /0% = \/Var(X). § Sgmared
f

L> in the waits o+x//
|
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Variance of discrete and continuous RVs

How do we calculate the variance of a How do we calculate the variance of a

discrete RV? continuous RV?

For discrete RVs: For continuous RVs:

Var(X) = >0
@) 2 Var(X) = / (x — px)* fx(x)de
= (z — pa) px(z) —00
{all z} — E[(X - /-LX)z]

=E[(X — ux)”] = E[(X — E[X])?]
= E[(X — E[X])?] <E[X?] - (E[X])?
= E[X?] — (E[X])? p—

—

vor of X iy exp val of

50 T g of exXp vod_ B
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Mex =€ (X)

Let’s calculate the variance and prove it! (1/2)
— vav (X)= E( (X~ px)*)
Lemma 6: “Computation = ¢ ( X'L _ 2 Mx X + Mx?_)

formula” for Variance

comporedan S =S (xF-apx%t py®) px (%)
- all
M a6 )
s [\ ¢, )
EXCI- EX)Y) | = S X p (%)~ ﬁcﬂ(m} S pepylo)
‘ {alin} {allx {allx)
00 > %X Px (O

{a(lx\
{alfx) {allx)



Let’s calculate the variance and prove it! (2/2)

= B(X") = APxE) +
px = €(X)
= E(X") =AMy t My
_ o~
= EOK%) = vay jance (s The

< E(x) = ()’ (exp val of x%) —

( he sghare of Hw
W‘gxp V)
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Variance of an Uniform distribution Cowld clo

_ o+ b LS
|ast E'(X)’ — Var (X) jw C,X’ MK) L2
Let fx(x) = bia,for VAV(X): ELXt} - [E(-X’)]g\ o
a<x<b. Eind Var[X]. b 9 L 9 o~
o bs L = b ta to (&1‘ l;»>
E(X ) me h-a d‘oo 3 -
- %3 \><=b :"f()g7'+0~-b+—0h") _ 0> +2abt L’
3oa) lyza 1(3) OERE
z 3(|b'a)(lo3" 0-g> _ Ybt dab t Fa® - (30'?'“"@“[9"—8"1
- (b)) (L™ F b+ o) ) , |
T = b'-2abta” _ (b-a)
. bteobsal SPUNITIN e
3 Var ()= =2
ssssssssss s | 2



-
Variance of exponential distribution s

In the homework: \/aV (X): E(Xb) - [E:(X)]l

_ [ % 2 g X 1 \=
Leth(a?)om>O ‘_(J‘o * -——-A& dx>_(7°>

and A > 0.Find Var|[X].

int by parts  AX
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Learning Objectives

1. Define and calculate the expected value for a function of discrete and continuous RVs

2. Define and calculate variance for a single random variable

3. Define and calculate variance for multiple random variables
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Variance of a function with a single RV

For aRV X and constants a and b, % !Y !: &!l T !
—_—

Var(aX +b) = a’Var(X).

Proof will be exercise in homework. It’s fun! In a mathy kinda way.



Important results for independent RVs

For independent RV’s X and Y, and functions g and h,
Elg(X)h(Y)] = E[g(X)]|E[R(Y)].

.;( Corollary 1

For independent RV’s X and Y,

E[XY] = E[X]E[Y].

L

i+ A LR, |
P(ANB)<P(A)P(B)

E(%(X”‘”)):E,,ﬁ@"‘(%) PZ (%) < £(5000) €A (V)

.PX(X Pyl'ﬁ)




Variance of sum of independent discrete RVs

Theorem 9: Variance of sum of independent discrete RV'’s

For independent diggfftagRV’s X ; and constani =1,2,...¢ ; )
n n
Var ( Z aiXi> = Z a?Var(X;).
— \i=1 i—1

Simpler version:

Var(aiX + axY) = Var(a1 X) + Var(a2Y) = aiVar(X) + a3Var(Y)

"

lineantu of vanance

for IND RV



Corollaries

Corollary 2

For independent wiggpete RV's X;,7 = 1,2,...,n, \Vavy of Shim = SWm oF

Var ( Z X,-) = Z Var(X;).

=1

Corollary 3

For independent identically distributed (i.i.d.) dfupre RV's X;,i = 1,2,...,m, wd N (}A -
o)

— Xi~

Var ( 2: X,-) = nVar(X,).

20



Ghost problem: with replacement
X=# chocolates (w] rep)

Var (X) = B(X")- (e(x))*

The ghost is trick-or-treating at a nd

different house &@. In this case it is X = 2 Y' Y ~NJ BCYV\OUJ&(P
=

known that the bag of candy has 10

chocolates, 20 lollipops, and 30 laffy PY (12 ) = P‘a' ( | - P> ‘a'

taffies. The ghost grabs a handful of
fcandy. What is the \/i = ( cthoe
vartancefor the number of 0 not choc

chocolates the ghost takes? Let’s

sol\iethisforthecases!v_llh \/0\}’ (X) = \/OLV ( i Y() = é Vov (Y,> = Svalf(Yl>
replacement. I=1 121
- () e(r ) -E D)
Recall.p::&ci_loEbllltywnhreplacement. L"E(Y>= ? 0‘2. of y
L ¢ _ (™), n—k & = P U p)
o pX(w)—<k>p (1-9) E(Y?)- Z \3 oyly)= Sp(kp)°

Var (Y= P = P =p(\- p) = P

n 14 Slides



Find-the mean-and-se-from-word-problem{4/2—

Var (¥)= SVar{Y) e (%)= np (1p)
= 5 2 (! P> Var of binomiol
- \ | = I .
= 5(4)(177) !
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Back to our hotel example from Lesson 13 e(T)= 36600
Let T = fptal tost of 30 rooms

C L= cost of voonm A
A tour group is planning a visit 30 WRONGQ
., tothe city of Minneapolis and . S .
/ —_— .
Q} ceeds to boootel rooms. T - 2 . I C’ [ T= 30/ _\_\__CJ

rs(\ The average price of aroomiis

i 3 30-1.) C3)
ith standard deviation | C > \Iou’(_
Kaddition, thereis @)[NSPOUV&V [_\- ) VU”’ ( = | .

O

o
!
N\
(V)
(@
-
g

tourism tax for each room. £ '
What is the standard deviation / = \/ av ( . l % C l Vav (C ‘)
of the cost for the 30 hotel 9 even thou not IID,
rooms? Assume rooms are = . \ 2 \ ay 2_ C | Svar =" 30-vVar ble all
independent. 1= Sam e

_ 2\/0, (C= 11230 Var(€)
= . |3-30- |00 = $&3,600

SO(T) = Navr(T) = {3600 = F60

sssss 14 Slides

Problem to do at home if we
don’t have enough time.




Find the mean and sd from word problem (1/2)
Model cost+ for |0 cubes:

wk C= Cst of [0 cubes (incemb)
A machine manufacture C; = cost of cube 4 (x=1,2, ..., lO)
i i ha i . .
with a side length that varies Xi-‘ \Qhﬁ'H!\ O'F 'eﬂ(cl'\ gide of cube 4

uniforml 11 to 2 inches.

Assume the sides of the base 1o _ 2 > . )
nd height are ee cost C = . C | C |~ 5 + |__(_) ( X \ ‘(\(7‘)-— ——@

to make acube i§ ber cubic =

inch, and entstor the L

?éjnjmalcostperwe.ﬁinqme MEA’N E(C) 6[2(64-\0)( )] g . -

mean and standard deviation of

t ecosttomakelOcubes = Z E‘(S"'IOX ) |
€00 [ L = 5 (5+ 10 E(X?)
) ‘fLX'i‘i \ "I M(S ;lf[E(x ))3 o
. =2 (5F10(2 2.5 = 4A5
(-1 =5 =y =) 2 $4. 1?



Find the mean and sd from word problem (1/2) cd(C)= \Y\’W(C)

\IUWCC)'— Vor {:2(54‘ [OXB) ;Var S+ 10X ) 3 @;Lwin
&;CA' bt |7 Aﬂ"\t’ tach eube
| / /nob;?e,h
= Z[VW(S)”' VM 2’)} Z 10° Var (X:2)
(=1 =0 «‘l =| /
[0° %[L\ogo?j Vawx) = € (2] [E(Xﬁ
Ty Es E(%:*)- fx-."laoor—-%)
= (00 (0- 4.0803 - _\_(& - M- (ag 7‘
= LI'O@O??(D ‘\39_ a('(;) = J%’l
-~

cd ()= 1050304 = (3.8776 =Gt var (67 - 5T - [15] = 089

ssssssssssssss




