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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.
2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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Where are we?

Basics of probability

e Outcomes and
events

* Sample space
* Simulations
* Probability axioms

* Probability
properties

» Counting

* Rules of probability

Probability for random variables

* Probability functions: pmfs/pdfs
» Cumulative distribution functions (CDFs)
* Important distributions

Two random variables

 Transformations
« Joint distributions
* Independence and conditioning

Expected values

* Means / expected values
* Linear combinations and conditioning
* Variance

—>

* Central limit theorem
* Functions: moment generating functions
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually

exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.
3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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Set Theory (1/2)

Definition: Union

The union of events A and B, denoted by
A U B, contains all outcomes that arein A
| or B or both

Definition: Intersection

The intersection of events A and B,
denoted by A N B, contains all outcomes
that are both in A and B.

\
ANB
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Set Theory (2/2)

Definition: Complement

The complement of event A, denoted by
CAC o A’ contains all outcomes in the
sample space S thatarenotin A.

Definition: Mutually Exclusive

Events A and B are mutually exclusive, or
disjoint, if they have no outcomes in
common. In this case A N B = (), where ()
is the empty set.
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How can we code some of these? (1/4)

We're going to roIIou r-sided dice. This time, let’s say even@s rolling matching numbers, evel@is
2,an

rolling at least one 2;and event Ci§ the sum of the dice is 5

* First, we simulate rolling two four-sided dice. We start small, with ‘ rotls @‘
only 5simulations, so we can see every roll # A tibble: 10 x 3

sim die roll
set.seed(1022) @ <int> <int> <int> A B C
reps <— 5 @ L @Al @] X x 7?[5’
n_dice < 2 —2 F F F
rolls <- expand_grid(sim = l:ireps, die = 1:n_dice) |>® 2 ; % i
mutate(roll =(§am 19(1: ,'n(), replace = TRUE)) @
P - P — 5 3 1 1
1,2,%,4 6 3_ 2 4 ‘
“; 7 [4 1 > 1 A(ISthT
8 4 2
Mmatch 3% rows o 5 1 — al
10 5 2 3

from  outpwrt
ot expand_grid(
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How can we code some of these? (2/4)

We're going to roll two four-sided dice. This time, let’s say event A is rolling matching numbers, event B is

rolli st one 2, and event C is the sum of the dice is 5

g

» Now, we make one row per simulation, with § TRUE/FALSE ’ event_sims
column for each event # A t}bble: 5x 4
sim A B C

event_sims <- rolls |> <int> <lgl> <lgl> <lgl>

(
group_by(sim) |> HNL Vﬁ% \CU 5 1 71 FALSE FALSE FALSE
summarise(A = n_distinct(roll) = _\/W, ‘{’ 2 2 FALSE _@&E FALSE

G = o
C = sum(roll)/== 5 ®
~— 5 FALSE

P(A)= mean (A)
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How can we code some of these? (3/4)

Intersection

"/ AND
A

1 event_sims$A & event sims$B @]
[1] FALSE FALSE FALSE( TRUE? FALSE

AD)B <= MATH
All)s & code TR

1 event_sims$A | event_sims$B @
\[1] FALSE TRUE FALSE TRUE TRUE

—

not

—

ACor A’ f I = A@)v =0
A any(A & C) is FALSE
N\ I
1(!}{\@31_5_@-\ @] i anﬂevent_sims$A & event_sims$C) ©
[1] VTRUE TRUE TRUE FALSE FALSE [1] FALSE

ore avv\a e ?
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How can we code some of these? (4/4)

We're going to roll two four-sided dice. This time, let’s say event A is rolling matching numbers, event B is

rolling at least one 2, and event C is the sum of the dice is 5

¢ Same code, now with 10,000 simulations

reps <{ 10000) —™ oo

rolls <— expand_grid(sim = l:reps, die = 1:M)
mutate(roll = sample(1:4, n(), replace = TR
event_sims <- rolls |[>
group_by(sim)

f\
)

| >

summarise(A = n_distinct(roll) == 1,
B = any(roll == 2),
C = sum(roll) == 5)
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op ot 1000
« Estimate the probabilities P reps ;;\CL\UQ
event_sims |> oM p@D
summarise(p A mean(A), Sor
= mean(B)
(A“B) <—p A and_B = mean(A’B) @
P(/{LLG)<L_-p_A_or_B meant( 2
# A tibble: 1 x 4
p_A p_B p_A_and_B p_A or_B
<db1l> <dbl> <db1> <db1>
1 0.255 0.437 0.0676 0.624
El>3act: = = 0 25, =L == — U 4375, - 15 = 0.0625,

0 =0.625



Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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fromur
Probability Axioms for o4 (il OWTED

Al
P(A)= L
I
For every event A,0 < P(A) < 1.Probability is between 0 and 1. 2
| S|
P(s)s — =1
For the sample space S,IP(S) = 1. \s\
P(AUB) = P(A)+ P(B)
If A1, Ag, Az, ...,isacollectiono ) events, then -
P A | = P(A;). -
The probability of at least one A; is the sum of the individual P(A l) T P(A’I«) + PCAB) t..
probabilities of each. No \NTGRSGCTIONS! + 17( Aoo)
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Some probability properties

Using the Axioms, we can prove all other probability properties! Events A, B, and C are not necessarily disjoint!
S—

Proposition 4

Proposition 1

For any event A,P(A) = 1 — P(A%)

—_— P(AUB) =P(A) + P(B) —P(AN B)
TE———— —_——
Proposition 2 where A and B are not necessarily disjoint

P(0) =
Proposition 5
Proposition 3 P(AUBUC)=P(A)+P(B)+
it A(J B.then P(4) < P(B) gg) Q_CE;(‘A'Q(? n‘% )=

G contained within
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Proposition 1 Proof

Foranyevent A,P(A) = 1 —P(A%) AL0<P(A) <1
[ A2:P(S) =1
> AU A =S A3: For disjoint A,
O b v |
R \ =1 o
Aif\‘am P(AUA) =1
disjoint PR+ POAT)= 1

P(A)=1~ P(A")
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Proposition 1 in our dice simulation

Proposition 1

For any event A,P(A) = 1 — P(A°) p (8) = \ - F( Bc)

Two dIC(‘)S ‘at Iea so BCis“no 2s”
1 event . _sims |>
2 summarise( = mean(B),
3 p—B_comp =.mean(!B), @
4 p_B_prop_1= 1 - mean(!B)) ®
~——————————
# A tibble: 1 x 3 [_p(g‘)
p_B p_B_comp p_B_prop_1
<db1> <dbl>
0.437 0.563 0.43
: cy _ 3\2 _ _
Exact:1 —P(BY) =1—(2)" = L =(

may not matclh theor value
but & Slm valuwr should wakh eadh othwr
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Proposition 2 Proof

Proposition 2

P(@) =0

O

propd s P(A)= (- P(AS)

u/t A—:¢ A':S

P(#)

—

—
—

|- P(s)
| -

Pl¢)= 0

Use Axioms!

AL0O<P(A) <1
A2:\P
A3: For disjoint A;,

IF’( itjl Ai) = > i1 P(4))




Proposition 3 Proof

If A C B, thef P(A) < P(B) AL:0 < P(A4) < 1
A2:P(S) =1

B = A U (_ A / () 8) A3: For disjoint A;,

| ”l B 3
P\ @// P(B) ] P(A> +d'P-==C-H1—l nZB> IP(zQAi) = 2 Pl
—— blc ($)0in .

A % R oare P(A'ne)=0

disyoint
- ;,)C L P(B>E PR
circle of B

@ Hhat
excludec A

frome B as 2 dl‘sjomhven




Proposition 4 Visual Proof

Proposition 4

P(AUB) =P(A) + P(B) —P(AN B)

P(AuB) P(A) P(B) P(ANB)
1 Q) || (@ F|I (O
‘ \
PU;/\B)EO I f al('sjol'h“‘
P(AnB)=0

>5P(AUB) = P(A)
+P(B)
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Proposition 4 in our dice simulation

Proposition 4

P(AUB) =P(A) + P(B) —P(AN B)

¢ Aiis matching numbers and B is at least one 2, so they overlap at (2, 2)

1 event_sims |> @
2 summarise(p_A_or_B = mean(A@B), — P(AUR) @
3 add_subtract = mean(A) + mean(B) - mean(A & B)) ®
# A tibble: 1 x 2 v(R) + F(B) - P(ANB)
p_A_or_B add_subtract . : ‘
<dbl> <db1>
1 0.624 0.624

must be UIML ) = teoretical

.4 0,07 1 _ 10
* Exact: ¢ + 75 — 16 = T6

¢ The two columns match exactly, notjust approximately
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Proposition 5 Visual Proof

Proposition 5

P(AUBUC)=PA)+PB)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC)

P(A) P(B) P(C)
P(ANB) P(ANC) P(BN C)
P(ANBNC)

[&
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Some final remarks on these propositions

* Notice how we spliced events into multiple disjoint events

= |t is often easier to work with disjoint events

¢ |If we want to calculate the probability for one event, we may need to get creative with how we manipulate
other events and the sample space

= Helps us use any incomplete information we have
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

3. Explain and use De Morgan’s Laws .0 simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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De Morgan’s Laws

Theorem: De Morgan’s 1st Law

For a collection of eventsrs—ets) Aq,Ag, As, ...

o~
. \ & g’( 0 n
A= " \,cﬂ 4 ( U Al
U ¢ e
\0 "o V\‘tr\r ¢4 410 B —
'\ @0 at lead V\ﬂ\fe‘ o>/
“allnot A= ( east one event A r “intersection of the complements is the complement of the union”

Theorem: De Morgan’s 2nd Law

For a collection of events (sets) A1, As, As, ...

“at least one event not A = (all A)©”

or “union of complements is complement of the intersection”
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Hl) szHB/"'/ Hh

Suppose you have n subjects in a study. Let H; be the event that person ¢ has high BP,forz =1 ... n.
Use set theory notation to denote the following events:
1. Event subject ¢ does not have high BP

2. Event all n subjects have high BP
3. Event at least one subject has high BP
4. Event all of them do not have high BP

5. Event at least one subject does not have high BP
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Suppose you have n subjects in a study. Le@oe the event that person 7 has highBP,forz = 1 ... n.

—_—

Use set theory notation to denote the following events:

l c

1. Event subject 7 does not have high BP H,L or H)L

Subj 9 Hy ov HY

2. Even subjects have high BP

I '\‘CVSﬁC{'

3. Event at least one subject has high BP

UNIDN




Suppose you have n subjects in a study. Let H; be the event that person ¢ has high BP,forz =1 ... n.
Use set theory notation to denote the following events:

I HSNH, e
4. Event all of them do not have high BP N (‘ | * (\ H |
\ N < 1=

5. Event(at least one subject does not have
high B

S (HIOHZ)C c
(H, 0 Hy 0 Hy oo 070D

n C n .
()= b



De Morgan’s Laws in simulation (1/2)
Simulate n = 6 subjects, each with a 30% chance of high BP, with 10,000 reps

n_subjects <- 6
p_high <- 0.3
subjects <—- expand_grid(sim = 1l:reps, subject = 1l:n_subjects) |>
mutate(status = sample(c("high", "normal"), n(), replace = TRUE,
prob = c(p_high, 1 - p_high)))
bp_sims <- subjects |>
group_by(sim) |>

summarise(all_not_high = all(status != "high"), # Q2
not_any_high = !any(status == "high"), # Q3
any_not_high = any(status != "high"), # Q4
not_all_high = !all(status == "high")) # Q5

head(bp_sims, 3)

©®

@O®

# A tibble: 3 x 5

N

sim all_not_high not_any_high any_not_high not_all_high

<int> <lgl> <lgl> <lgl> <lgl>
1 FALSE FALSE TRUE TRUE
2 FALSE FALSE TRUE TRUE

3 FALSE FALSE TRUE TRUE
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De Morgan’s Laws in simulation (2/2)

¢ Check that each pair of columns agrees in every simulation

bp_sims |>
summarise(law_1_agree = mean(all_not_high == not_any_high),
law_2_agree = mean(any_not_high == not_all_high),
p_at_least_one_high = 1 - mean(all_not_high))

©O

# A tibble: 1 x 3
law_1_agree law_2_agree p_at_least_one_high
<dbl> <db1> <db1>
1 1 1 0.876

e Exact: 1 — (0.7)% ~ 0.8824

¢ We can find the probability of “all do not have high BP” more easily in the coming chapters
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Remarks on De Morgan’s Laws

* These laws also hold fIIections of events.

¢ Draw Venn diagrams to convince yourself that these are true!

¢ These laws are very useful when calculating probabilities.

= This is because calculating the probability of the intersection of events is often much easier than the union
of events.

= This is not obvious right now, but we will see in the coming chapters why.
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Learning Objectives

1. Use set notation, Venn diagrams, and the concepts of unions, intersections, complements, and mutually
exclusive events to represent and describe events.

2. Apply the axioms of probability and related properties to calculate probabilities and prove simple results.

3. Explain and use De Morgan’s Laws to simplify and solve probability problems.

4. Connect partitions and all rules of probability to calculate probabilities.
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Partitions

Definition: Partition

Asetof events { A;} | create a partition of 4, if

* the A;’s are disjoint (mutually exclusive) and

=1

/’

« If A C B,then {4, BN A%} is a set of partitions of B. —
 If S = |J A;,and the A;’s are disjoint, then the A;’s areg (.)
i=1
partition of the sample space. Q)= /’ ? ( \) ,0 '>: /_l_ /
P( )=1 = »B=(BNA)V
(BnA)

L

Creating partitions is sometimes used to help calculate probabilities, since by Axiom 3 we can add the
probabilities of disjoint events.
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GoOAL

P\c[\g° s| ¢ 73 Wigﬂis w¥
e med wxtwle
If a subject has an BUT
Ohance oftaklng their meilcati‘on not bothh MFLS
this week, B" 'W\ISWL b P( A 0N Bc)
e 70% chance of taking th?{r medication v \ (
next week,and f\= \\L Y wk W\’\(’ \\ (leMz ( BN IA\ ))
* 10% chance of not taklng their w
meglcatlon either week, (\9’ O 'tYaV‘i/[a'{'e:F_DW ovds +o ?YD\O Statement
then find the probability of them taklng \/ 0a \
their medication exactly one of the two .
Jdeh md AL B

weeks. oither s or eyt -
. L 0
Hint: Draw a Venn diagram labelling each of the @ ? ar H Tlon P Yb\o S o Cons h ue 6

parts to find the probability. @ ) I Ve q nestion w / s
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_\_

@
:
=

ASnBS— P(A°NRY)
=01

TV e
f\\)B

P(OV@UG VM) = P(s)=1 - P(ANR)-P(ANE)
PO V®) = ?((AAB)U(B/\A))’I~P(@> P(@)

sssssssssssss

N
©)
o
>
>
S




P(A)= 0.7 | g(\/en
P(B)= 0.8 info
P(A“NB)= 01 _

P(AuB)=1- P(Ac0BS) o)
1 - 0.0 0
P(AUB)= 0.9 ——

P(@UB)'; P(A)+ P(B) - P(A OB
!

0.9 = 07 + 0% —P(ANB)
P(ANBY= 0.1+ 08-0.9 = 0.6
P(A)= P(ANB)T P(AND)
0.7 =P(ANBY) + 0.¢
P(ANB)=0.1
P((ANB) U (BAAS)) = 0.1+ 0.2 = 0.3
P thiswk oR hext NoT poth)
The pmba\oi\f"ﬂa_ thot ‘Hwa ‘ake
Hwir  med exactly 1 week is 0.3



Checking Example 3 with simulation (for referenc)

o After solving with the Venn diagram: simulate the four disjoint pieces (a partition of the sample space) and
check the given facts

cells <— c("both", "this only", "next only", "neither")
med_sims <- expand_grid(sim = 1l:reps) |>
mutate(cell = sample(cells, n(), replace = TRUE,
prob = c(0.6, 0.2, 0.1, 0.1)))

OWEE

med_sims |[>
summarise(p_this = mean(cell %in% c("both", "this only")), @
p_next = mean(cell %in% c("both", "next only")),

p_neither = mean(cell == "neither"),
p_exactly_one = mean(cell %in% c("this only", "next only"))) ®

# A tibble: 1 x 4
p_this p_next p_neither p_exactly_one
<db1l> <dbl> <db1> <db1>
1 0.797 0.696 0.105 0.297

¢ The first three columns should be close to the 0.8, 0.7, and 0.1 we were given. If they are, our partition s right,
and the last column checks our answer.
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