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Learning Objectives

1. Calculate probabilities for a pair of discrete random variables
2. Calculate ajoint, marginal, and conditional probability mass function (pmf)

3. Calculate ajoint, marginal, and conditional cumulative distribution function (CDF)



Where are we?

Probability for discrete random variables

Basics of probability

* OQutcomes and events

 Functions: pmfs/CDFs

» Sample space

* Probability axioms

* Probability Probability for continuous random variables
properties . Calculus
» Counting —3 ¢ Functions: pdfs/CDFs

 Important distributions

* Joint distributions

» Conditional » Expected values and variance
probability

* Independence

» Bayes' Theorem
— ¢ Central limit theorem

* Random Variables . . .
* Functions: moment generating functions




What is a joint pmf?

Definition: joint pmf
The joint pmf of a pair of discrete rv’@ @s
pxy(z,y) )S@ﬂ/@ _CL',Y:Z/)

.




This chapter’s main example

Let X and Y be two random draws from a box containing balls labelled 1, 2, and 3 without replacement.

1.Find px y(z,y).
2.FindP(X +Y = 3).
3.Find P(Y = 1).
4.Find P(Y < 2).
—
5. Find the joint CDF F'x y(x, y) for the joint pmf px y (2, y)
6. Find the marginal CDFs F'x(x) and Fy (y)
7.Find px)v (z|y).
8. Are X and Y independent? Why or why not?
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Remarks on the joint pmf

Some properties of joint pmf’s:
e Ajoint pmf px y (z, y) must satisfy the following properties:

= pxy(z,y) > Oforallz, y.

= >, > pxy(z,y) =1

{all z} {all y}

e Marginal pmf’s:

" PX(fI?) = Z pX,Y(way)
{all y}

“py(y) = > pX,Y(way)
{all z}



What is a joint CDF?

Definition: joint CDF

The joint CDF of a pair of discreterv’s X and Y is f
P

=

Fxy(z,y) =P(X <zandY <y)=P(X <z,Y <y)
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Remarks on the joint and marginal CDF

J FX( ) right most columns of the CDf table (where the Y values are largest)

. Fy( ): bottom row of the table (where X values arela?;st)
. FX( ) &FX,Y(%Q)
Fy(y) =

y) = hm Fxy(z,y)



Independence and Conditioning

Recall that for events A and B,

'S
e P(A|B) = P(ANB)
(AIB) = T <

e Aand Bare independent if and only if
m IP’ A]B )

« P{ANB) = ]P>(A) .P(B)

—e—, = T

Independence and conditioning are defined similarly for r.v.s, since

'pX(:c) =P(X =z) and pxy(z,y) =P(X =1z,Y =y).

—

P(X) p(XnY)
£ X &Y  ore independent
P(x=x,Y=y)= P(X7 PO =4)




What is the conditional pmf?

Definition: conditional pmf

The conditional pmf of a pair of discrete rv/s X and Y is defined as Y J oint
P(X=zandY =y pxy(z,y)
pxy(aly) = P(X =aly =y) = LE =20md¥=4)
- P(Y = y)& py(y) = o
v\/\m’gihaa

if py (y) > 0.

it md: Pry(xfy)= P(X=x)

when  py (y) =0, Py (Xlg) = O



Remarks on the conditional pmf
The following properties follow from the conditional pmf definition:
e If X 1 Y (independent)
 pxjy(z|y) = px(z)forallzandy
" px,y(2,y) = px(z)py(y)forallzand y «”
= Which alsoimplies (=): Fx y(z,y) = Fx(z)Fy(y) forallzandy
e If X1, X,,..., X, areindependent

u le,Xz,_,_,Xn(xl,xz, SN ,:En) = P(X1 = wl,Xz = Ly ,Xn

= Fx, x,...x,(x1,Z2,...,2,) = P(X3 <z1,X3 < 2g,..., X, <) = HP(Xz' <z;)= HFX(sz)
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