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Learning Objectives

1. Calculate the variance and standard deviation of discrete random variables
2. Calculate the variance of sums of discrete random variables

3. Calculate the variance of functions of discrete random variables
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Where are we?

Basics of probability Probability for discrete random variables

 Functions: pmfs/CDFs

* Important distributions

» Sample space * Joint distributions

* Expected values and variance

* Outcomes and events >

* Probability axioms

* Probability Probability for continuous random variables
properties . Calculus
» Counting —3 ¢ Functions: pdfs/CDFs

 Important distributions

* Joint distributions

» Conditional » Expected values and variance
probability

* Independence

» Bayes' Theorem
— ¢ Central limit theorem

* Random Variables . . .
* Functions: moment generating functions
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Let’s start building the variance through expected values of functions

X is RV alb conctants
Qo) = az + b))

a(x) in & . of RV
Let g be a function and le (r) — oz -
FE?[I‘gr(t}al)-]v?aluedconstantsaan DT E [g(%‘)] = E [a_ X + A]
/ s a B(X)+ b
EleX])~ E[v]

g(x)=n = E(a)E(0) b‘b
= a E(x) *b <

e ——

E(%(XWE(X‘)\
2
7 etz tMe o step back o detn

lllllllllll of expected val



What is the expected value of a function?

Definition: Expected value of function of RV

For any function g and discrete rv. X, the expected value of g(X

@Z"

all z}

[
i g (x)= o’ then Efxﬂz{%}xnpx(%)
rete 2[5 xp,(x)

{oll]

(e(0]”

X
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Suppose you draw 2 cards from a E [% (:X:)] =€ l: XZ]

standard deck of cards with

= P >
replacement. Let X be the number 2- K PX ( x
—_— {all x'}
of hearts you draw.

\_—d

1. Find E[X 2], - XTO S x [( ;)(il_)%(q;_fvj

k—) Recall Binomial RV withn = 2:

D gerns = (BT (2]
M (BT
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Let’s revisit the card example (2/2) from
F(x)=(x - J—) eXI (X)

Suppose you draw 2 cards from a E [9 (X)—J = E [( X - _]_>9_] Z -l> FX(X>

standard deck of cards with
replacement. Let X be the number

s ere((x 2 = 2 (x5 ( ) >(L,>“"
‘M(X () -2 ()6
(& 934 E)

leOUO i hp fom known IPai’tf;cW

Recall Binomial RV withn = 2:

2
T

px(z) = ( >px(1 —p)* “forz=0,1,2

E((3-9)")= 3
ANOTHER WAY:
cl(x-4))=€e[X-X+v] = E—[X] EX)+E(J~)

(m) '=§/8—i—+—lf_=”§—_



Variance of a RV

Definition: Variance of RV

(/
The variance of a rv. X, with (finite) expected value ux = E[X] is S’ﬁ,uam
o% = Var(X) = E[(X — ux)"| {E[X - EX)
—_— ——ee——— —

Definition: Standard deviation of RV

The standard deviationof arv. X is

ox = SD(X) = \/g =4/ Var(X).

;rVLea/mrcs of spread: €(EL-pm)=0
E(I1X-pl)
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Let’s calculate the variance and prove it! qUx)= % -Aps X
Var (X) = E[(X-px)"] “p  he

formula” for Variance = E [ ‘X"‘ —_ Z/U~X.' X + /_,LXZ‘]

The variance of arv. X, can be
computed as

o% = Var(X)
= E[X"] - ux
E[X*) - (E[X])*

Lemma 6: “Computation

{ |
var is thlexpected
val  of %Y - (e

%,M.art of e exp:

ol
2 x)= 2 X
falhx Jaik) fallx}

S
V




S

= B(X*) — apg et pg (1)
- E<X2‘> B /U\Xg\ g = E(X)
= E(x*) - [ex)]”
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(break) Some Important Variance and
Expected Values Results
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Variance of a function with a single RV

-—&-

For arv. X and constants a and b,

Var(aX +b) = a’Var(X).

S ———

Proof will be exercise in homework. It’s fun! In a mathy kinda way.
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Important results for independent RVs

For independent rv's X and Y, and functions g and h,

Elg(X)n(Y)] = Elg(X)|E[R(Y)].

—— C—

Corollary 1

For independentrv!s X and Y,
e

E[XY] = E[X]E[Y].

r007LC0£ in fact thet if AJ.BJ'
P(AOR)= P(A)P(B)

E(a(X)h(Y)]= h(
¢ {gx) 53‘196‘) ? P‘%—JX'T (4)
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Variance of sum of independent discrete RVs

Theorem 9: Variance of sum of independent discrete rv.'s

For independent discrete rv’s X; and constantsa;, 2 = 1,2,...,n, \/[{ 4 ( Z X'- ) = 2 V“V'(X,')

Var ( 271: aiXi> = 2"": a?Var(X;).
i—1 i—1

—

Simpler version:

p—

ﬁr(?i‘?( +£2Y) = Var@)f) + Var(a2Y) zar(X) +aiVar(Y)
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Corollaries

Forindependent discretervis X;,7 =1,2,...,n, %Va: vql X
Var(ZX,) =ZVar(Xz-). = WV(X,)*' Var(xz.>
= = . -+ Var(X,)

For independen

e —

tldenticallgdistributed (ii.d.) discretervis X;,t =1,2,...,n,

J n
| inowiad Var(;Xz-) :@V_:f()ﬁ).
(n,p) —
exact same nkp

St @, 07
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’ 1 :SP
Let’s look at a ghost problem with replacement " 6

= H# chocolates (w/ fﬂF) P :6 P :é
The ghost is trick-or-treating at a VAV(X) = E( XL) —(E(Z»l

different house now. In this case it is Y [ ,a@
known that the bag of candy has@ X = Z Y, Y B ern ( F = Z >
chocolates2QJollipops, an@affy A=
taffies. The ghost grabs a handful of L\; N = choe

bieces of candy. What is the : 0 prot—ehec
variance for the number of \(l 'S are (1oL o@, ol e/se
chocolates the ghost takes? Let’s d / - : destrcall st
solve this for the cases with (m t/ i ? ) (
replacement. _ _ — arlY
= Var (X)— Var(zY‘)—EVW(YJ 5V :)

Recall probability with replacement: \/ar ( \{ ) E ( Y 2—) fe ( \([ )]
px(z) = (Z)Pk(l —p)" "

- E(Y)7) = = i
Bern: p\((ta\:p"(\—‘)) [ ( ) {a"a,}lé' u Q:Pji(;@;, {P>O
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X
Back to our hotel example from Chapter 11 €(T)="¢,600
Let: T = +D7Lﬁ/€ cost of 30 1pons

C, = cost of pomL

X WRONG '

T- 30 1)

A tour group is planning a visit

: ) . 30
to the city of Minneapolis and —,—____ Z ’ I Ci

needs to book 30 hotel rooms.

The average price of aroom is AT — Var [?0- /.1 C'.')
520Qwith standard deviation N2 :
. : 201. 1) Var(C))
In addition, there is a 10% VO-V T) = (
tourism tax for each room. ( ) Va r I C
What is the standard deviation
of the cost for the 30 hotel _ V > ( [
rooms? Assume rooms are - o
independent.
Vom ( 2 C, >
a
Problem to do at home if we a A7 ')
don’t have enough time. =[] Var (C > =[00
/i’-l
;1
= |. (Ioo'> /2(30)([()0)
A=
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= 43,600
D= \var = \[$73,000 = $60.25
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