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Learning Objectives

1. Distinguish between discrete and continuous random variables.

2. Calculate probabilities for continuous random variables.

3. Calculate andgraph a density (i.e., probability density function, PDF).
4. Calculate and-graph-a CDF (i.e., a cumulative distribution function)
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Discrete vs. Continuous RVs

e For adiscrete RV, the set of possible values is either finite or can
be put into a countably infinite list.

¢ Continuous RVs take on values from continuous intervals, or
unions of continuous intervals

Chapter 24 Slides

Discrete Continuous
probability mass (probability mass density (probability density
function function; PMF) function; PDF)
0<px(z) <1 0 < fx(x)
(not necessarily < 1)
. px(x) = I, @) e = 1l
A< X £9) P(OSXSQ)
=P(X =0)+ P(X i) - = [ fx(2)dx
P(X =2)
HEDE T 1nteger valued
PR L) £ PLX <) PR L) =PX <)
when P(X =3) #0 since P(X = 3) = 0 always
cumulative Fx(a) = P(X <a) (@) = P(X € @)
distribution =3, P(X =0a) = [, fl@)ds
function graph of CDF is a graph of CDF is
(CDF) step function with jumps nonnegative and
Fx(z) of the same size as continuous, rising
the mass, from 0 to 1 up from 0 to 1
examples counting: defects, hits, " Tifetimes, waiting times,
die values, coin heads/tails, height, weight, length,
people, card arrangements, | proportions, areas, volumes,
trials until success, etc. physical quantities, etc.
named Bernoulli, Binomial, Continuous Uniform,
distributions Geometric, Negative Exponential, Gamma,
Binomial, Poisson, Beta, Normal
Hypergeometric,
Discrete Uniform
expected IOX) = X, aasz(() I(UX) =[5, anifsellan) el 7
value E(9(X)) = X, 9(@)px(2) | E(9(X)) = 22, 9(x) fx(2)d
E(X?) E(X?) = X3, *px(2) E(X?) = [ 2% fx(z) dz
variance Var((2X) = Var(2X) =
E(X?) — (E(X))? E(X?) — (E(X))?
std. dev. ox = +/Var(X) ox = /Var(X) <

Figure from Introduction to Probability TB (pg. 301)




How to define probabilities for continuous RVs?

Discrete RV X: Continuous RV X:
0.5 1.00
0.75

0.1 0.25 : \
( L
0.0 l 0.00 | |
00 . 25 * 50 ' 75 * 100 0.0 25 5.0 7.5
X oL x b
=
o pmf:px(x) = P(X = x) e density: fx(z) 7% P(X 76)
—~——————— -
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e probability: Pza)g X f@ = fa fx(z)dz



What is a probability density function?

Probability density function

The probability distribution, or probability density function (pdf), of a continuous random variable X is a
function fx(x), such that for all real values a, bwitha < b,

b
Pla < X < b) = / fx()dz

Remarks:

1. Note that fx(x) # P(X = z)!!!

2.In order for fX(x) to be a pdf, it needs to satisfy the properties
e fx(z) > Oforallx

. ffooo fx(z)dz =1
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Let’s demonstrate the PDF with an example (1/5)

%(UW\ . otrea of prect how = 9\(3'“')
A(3-a) = |

Let fx(z) = 2,fora < z < 3.

G- ada = |
1. Find the value of a so that T = Qo = a= .S
fx(x)isapdf.

\ oR quﬂz(%)atx=1

\4 b
= /8
£5\F J ok . x=3
AT T T 5 hres dix = A%
I - a(3)-2e
o 3 % 5 -dnx =1
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Let’s demonstrate the PDF with an example (2/5)

P(a7eX£29)=
Let fx(x) = 2,for?d<§ w@ ( v

2. Find P(2.7 < X < 2.9).
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Let’s demonstrate the PDF with an example (3/5)

P(x=%x) = 0O
Let fx(z) = 2,fora < x < 3. So
3.Find]P’(2.7$X§2.9). ?(&éXﬁb>= P(,O“ LK‘-[;)
<
in last ‘
problm. came as ex la:

@
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Let’s demonstrate the PDF with an example (4/5)

P(X=924a) = * fo(x)dny

Let fx(z) = 2,fora < z < 3. 2.4
4.Find P(X = 2.9).

N
)
R

1l

> (2.1-23) =0
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Let’s demonstrate the PDF with an example (5/5)

2, f z <3 /\ S .Y
5F|nd]P(’X§28 = X )
v — P*K(_'X) .5
fow CDF 73(3'2‘5—1?}
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What is a cumulative distribution function?

Cumulative distribution function

The cumulative distribution function (cdf) of a continuous random variable X is the function F'x (x), such that

for all real values of ,
S S A
Fx(z) =P(X <=z) = Pfx@é/ Jan mm

Remarks: In general, F'x () is increasing and L’7 ("F ‘F:Z(')() 1S bOLbV‘OQ
e lim, . o, Fx(z) =0 S0 oL <LX - )
o lim, ,, Fix(z) =1

« P(X > a) = 1- P(X <a) = 1 - Fx(a) f:(fz(ga%

e P(a < X < b) = Fx(b) — Fx(a)




Let’s demonstrate the CDF with an example

K
, FL(0)=P(Xex)= f@wcx(ﬁo%“
Let fx(z) = 2, for
< ¢ < 3.Find Fx(x).

' . - frif A o
- P\
@] &= K
?’P | - 9\@—)
PV 4=25
ALY %
0  x=2AT )
FX(%>; Ax-5 A.5£xX<3 = 2% &(9\'§>
17  x=>3 =A% 0

Chapter 24 Slides



Derivatives of the CDF

If X is a continuous random variable with pdf fx(z) and cdf F'x(x), then for all real values of x at which F'y ()
exists, —

= Fx(2) = Fy(z) = fx()
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Finding the PDF from a CDF

(\

, 0 X <A-S
%(x)=F(%)= N A SsEeXED
Let X be a RV with cdf
0 r <25 \_ O X>5
FX(m){2x5 25 <z <3
1 z >3 —@X('x):g\ for A5 £x£&3 J

Find the pdf fx(z).

—
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-

Let’s go through another example (1/7)

Let X be a RV with pdf fx(z) = 2e~2*,forz > 0.

| 1.Show fx(z) isa pdf.
2.Find P(1 < X < 3).
3.Find Fx(x).

4.Given Fx(x),find fx(z).

U5 Find P(X > 1|X < 3)

{&. Find the median of the distribution of X.
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Let’s go through another example (2/7) y
~X N
= e 0

Let X be a RV with pdf x=| X = 000
fx(z) =2e % forz > 0. I

—_ ~[000
1.Show fx(z) is a pdf. % &

60 = —aaX
(%hoﬁx(%)>o ntom!llx;/@ J &e& s

bounds: W= - x Ao = —
e w=—2200)= 0 o



Let’s go through another example (3/7)

| Do this problem at home for extra practice.

P(1eX <3)= [7ae™ dn 5w subin
! 3

Let X be a RV with pdf 2 Y.
fx(z) = 2e72% forz > 0. = -p
2.Find P(1 < X < 3). |
—2(3) —&(l)>
= e (-
— -
= -¢ st e
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Let’s go through another example (4/7) o
e ()= P(X %) = fO fx () oo

Let X be a RV with pdf -
fx(z) = 262'”,fof f &e A% 01/3'
3.Find Fx (z). Y J( ’9\(0))
— X
= -e,"”‘ﬂ— = |-e "
\:'X (Y) < 0 *< 0
\__e’?\x ></ N O




Let’s go through another example (5/7)

| Do this problem at home for extra practice.

f5 ()= L Fr(0)= F/(x)

Let X be a RV with pdf
fx(x) = 2e 2% forxz > 0. OL e -2
4.Given Fx(z),find fx(x). ) —ol7>< ( | — € = ( (’93 &

- ae™
fg (%)= A7 for x>0
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Recoll

— 1 _ P(AnB)
Let’s go through another example (6/7) o(A18) o
e
Ttz Fe(3)=Fx (1D
| £X£3) > Fy .
Let X be a RV with pdf . _ P( < g)g 3 P(a(é$;?b)
) z) = 2e2% forx > 0. o~ — Z eex
:.XF(inc)JP(XZ 11X < 3). (X 7
- F X (3> B FX

- e‘i‘%’gg; (+ )

( e-aC’s)

R
Ll‘epc’ |

I




Let’s go through another example (7/7)
wdion: P(Xem)=0F5

Let X be a RV with pdf m - AX —
f 2\@ — = 0 g

fx(z) =2e % forz > 0.

6. Find the median of the

0
distribution of X. Z.) I:z_ (M) = O S—

. /0%(0.3‘) = /o?(e”a’”)
/&7(&3—): SR median is
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