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Learning Objectives

1. Solve double integrals in our mini lesson!

2. Calculate probabilities for a pair of continuous random variables

3. Calculate a joint and marginal probability density function (pdf)

4. Calculate a joint and marginal cumulative distribution function (CDF) from a pdf
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Double Integrals Mini Lesson (1/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Solve the following integral:

3 pl
/ / rydydz
2 Jo
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Double Integrals Mini Lesson (2/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Solve the following integral:

/23/01(m + y)dydz
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Double Integrals Mini Lesson (3/3)

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Solve the following integral:

3 pl
/ / e Vdydzx
2 Jo

Chapter 25 Slides



How to define the joint pdf for continuous RVs?

For asingle continuous RV X is a For two continuous RVs (X and Y'), we can define the joint pdf,
function fx(x), such that for all real fxv(z,y),suchthatfor all real values a, b, ¢, d witha < band
values a, bwitha < b, c <d,

b b pd
Pla < X <b) = / fx(x)dx Pla < X <b,c<Y <d) = / / fxy(z,y)dydx
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Important properties of the joint pdf

1.Notethat fx y(z,y) # P(X =z,Y = y)!!!
2.Inorder for fx y(x,y) to be a pdf, it needs to satisfy the properties
e fxv(z,y) > Oforallz,y

/ / fxy(z,y)dzdy =1
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What is the joint cumulative distribution function?

Definition: Joint cumulative distribution function (Joint CDF)

The joint cumulative distribution function (cdf) of continuous random variables X and Y, is the function
Fx y(z,y),such that for all real values of  and y,

x Yy
Fry(@y) =PX <Y <y) = [ [ frrlst)deds

Remarks:

e The definition above for F'x y(x, y) is a function of  and v.

* The joint cdf at the point (a, b), is

a b
Fxy(a,b) = P(X < a,Y < b) = / / Fx v (s, )dtds
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What are the marginal pdf’s?

Definition: Marginal pdf's

Suppose X and Y are continuous rv.s, with joint pdf fX,y(a:, y) Then the marginal probability density
functions are

fx(x) = /_OO fxy(x,y)dy
rw = " fxr(z,y)de
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Common steps for solving problems

1. Set up the domain of the pdf with a picture

2. Translate to needed integrands

e For probability: shade in the area of interest, then translate

e For expected value: translate domain
3.Set up integral: dxdy or dydx?

4. Solve integral!
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Example of joint pdf

ety (2,9) = S92, for
0<z<2,0<y<l.

1. Find
PO<X<10<Y < )
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Example of joint pdf

ety (2,9) = S92, for
0<z<2,0<y<l.

2.Find fx(x)and fy(y).
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Example of a more complicatedjoint pdf

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let fx vy (z,y) = 2e~ @Y for
0 <z <y.

1.Find fx(z) and fy (y).
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Example of a more complicatedjoint pdf

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let fx vy (z,y) = 2e~ @Y for
0 <z <y.

2.Find P(Y < 3).
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Let’s complicate this even more!

Let X and Y have constant

density on the square
0<X<40<Y <4

1L.Find P(|X — Y] < 2)
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Finding the pdf of a transformation

e Let M be atransformationof X andY
e When we have a transformation of X and Y, M, we need to follow a specific process to find the pdf of M

We follow this process:
1. Start with the joint pdf for X and Y

e aka fx v (x,y)
2. Translate the domainof X and Y to M
3. Find the CDF of M
e aka Fyy(m)or P(M < m)
4. Take the derivative of the CDF of M to find the pdf of M

d

e aka fy(m) = %FM(m)
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Let’s complicate this even more!

Let X and Y have constant

density on the square
0<X<40<Y <4

2.Let M = max(X,Y).Find
the pdf for M, that is

fu(m).
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Let’s complicate this even more!

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let X and Y have constant

density on the square
0<X<40<Y <14

3.Let Z = min(X,Y). Find
the pdf for Z, thatis f(z).
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Let’s complicate this even further!

Do this problem at home for extra practice. I'll add the solution to the annotated notes!

Let X and Y have joint density

fxy(z,y) = %(:13 + 1) in the
region

0<z<1, 7 <y< LlFind
the pdf of the rv. Z, where
Z = XY.
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