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Learning Objectives

1. Define random variables and how they map to probability distributions

2. Calculate the expected value and variance of discrete random variables

3. Calculate the expected value and variance of linear combinations of discrete random variables
—

4. Calculate probabilities for different events using a Binomial distribution
—_— —
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Learning Objectives

1. Define random variables and how they map to probability distributions

2. Calculate the expected value and variance of discrete random variables

3. Calculate the expected value and variance of linear combinations of discrete random variables

4. Calculate probabilities for different events using a Binomial distribution
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Random variables

Random variable (RV or rv.)

A random variable (r.v.) assigns numerical values (probability) to the outcome of a random phenomenon

Notation: A random variable is usually denoted with a capital letter suchas X, Y, or Z.
- e
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7
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From Lesson 3: Probability distributions

Probability distribution

A probability distribution consists of all disjoint outcomes and their
associated probabilities.

— —

e We've already seen one in our heads and tails example

Rules for a probability distribution

A probability distribution is a list of all possible outcomes and their
associated probabilities that satisfies three rules:

1. The outcomes listed must be disjoint ~/

2. Each probability must be between O and 1

3. The probabilities must total to 1
e
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https://seeing-theory.brown.edu/basic-probability/index.html

In the coin toss example...

e We can start to define the probability distribution
e Let’s define the coin flip with the random variable X

i rg/\\ iZU"

n Where@f we get@an
\/a\\

» We can create a table for the random variable and probabilities of each outcome: \f R\I

—%Coinﬂip@ x :® wig) P(X = %)

Probability (P(X = z)) 0.5

—

= Note: | use X to refer to the random variable and x to refer to the realized value it takes

= Then we write P(X = z) to discuss the probability for each realized value (z) of the random variable (X)

¢ Also note that the sum of the probabilities equal : ) P(X =1z)=1 X O) O 2

g,f\; ZP('X %7 °(X~O>+\9(X )E%-S*OS
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Poll Everywhere Question 1

13:18 Mon Oct 14

Joinby Web PollEv.com/nickywakim275

Which of the following best describes a random variable?

Heads 0 il s

Aspecific outcome of an experiment or
random process

A function that assigns numerical valuesQ
to the outcomes of a random process

A fixed number determined by a random
event

A graph showing the distribution of possible
outcomes of an experiment

Powered by Q Poll Everywhere
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Let’s extend this to rolling a die B — l/ i\

Suppose you roll a fair die. Let the random variable (r.v.@be the outcome of the roll, i.e. the value of the face

showing on the die. , . \
RV is funchon mot‘opm?
1. What is the probability distribution of the rv. X? I\ $H i1 se H‘ ( ‘ A.Ll/\',')'l")/ .F,\)

X \ p} 3 Y S 6

P(E=%) Y /¢ Yo | /0 /e | /6
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Learning Objectives

1. Define random variables and how they map to probability distributions

2. Calculate the expected value and variance of discrete random variables

3. Calculate the expected value and variance of linear combinations of discrete random variables

4. Calculate probabilities for different events using a Binomial distribution
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Discrete vs. continuous random variables

e Probability distributions are usually either discrete or continuous, depending on whether the random variable
is discrete or continuous.

Discrete random variable Continuous random variable
A discrete rv. X takes on a finite number of values A continuous rv. X can take on any real value in an
or countably infinite number of possible values. interval of values or unions of intervals.

Think: 4 starg insky Think: 3m 30| m

e Number of heads in a set of coin tosses . Wpopulatlon 3 000 | h

et

e Number of people who have had chicken poxin a e Blood pressure in a population
random sample

& int ¥ tountally J
Hnike ouktomn § infinite & not countrble

'P(X='>O‘=Yw?lm\,, (X =x)=0
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Expectation of random variables DISCKETE

e We call thf arandom variable its expected value

* The expected value is calculated as a weighted average _ g Wuﬁ M ] d [m? P)’D |0 a bﬂ l+\&

Expected value of ¢ discrete random variable
N - U

' 2 v
If X takes on outcomes x 1, ..., &} with probabilities P(X = 1), ..., I_Jj_ng;_k)_ the expected value of X is the
sum of each outcome multiplied by its corresponding probabiTity:
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Back to rolling a die @ ~ 1 5o s

0(%- x) Ve Ve T b
E(X)‘|©+a L3 e -L—kg"
Let’s go back to ou ewith RV X as the (M) ‘Ll + C':
5 - = Not o poss
value of the face showing on the die. — £
ow!'(owu. 0

2. What is the expected outcome of the RV X7
3. Now suppose the 6-sided die is not fair. How @ _ /
would we calculate the expected outcome? M - E(X) =\ T CO- ;L} T
e ——

;%%g;;g 4 £ $0.25)+ ((0-35)

300 = U4 O

N
4 0.05
5 0.25
6 0.35
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Variability of random variables

Just like with data, the variability of ar.v. is described with its variance or standard deviation

Variance of a discrete random variable

If X takes on outcomes z1, ..., ¢ with probabilities P(X = 1), ..., P(X = z}) and expected value
p = E(X), then the variance of X, denoted by Var(X) or o2, is

| '2 2
= (x1 — P(X =z, Tp — P(X ==z
(k p) P( ) £ 4 (e — ) P k)
=Y (@i - w*P(X =)

Standard deviation of a discrete random variable

The standard deviation of X, labeled SD(X) or o, is

o= SD(X) =4/ Var(X)
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Back to rolling a die ® Var (X)) Z@C‘ /u) .

Suppose you roll @ 6-sided die. Let the 3
random variable (rv)* X be the outcome of the ( \ S)
roll, i.e. the value of the face showing on the die.

4. Find the variance and standard deviation of (g 3 S)
X (>-3 §)2(LG)+(9-3.’>’>“(—CP
e (5 -25)"(4)
2 WE *(6-35)* (¢
+ e o=\ (T)= 2.9 |
5 u o= SD(X) = (Var(D)

1/6 :W: l7\
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Learning Objectives

1. Define random variables and how they map to probability distributions

2. Calculate the expected value and variance of discrete random variables

3. Calculate the expected value and variance of linear combinations of discrete random variables

4. Calculate probabilities for different events using a Binomial distribution

Lesson 5 Slides

20



Linear combinations of random variables

Linear combinations of random variables

Are random variables annre

constants, then

&}b 3 / 2
S0 o
is a linear combination of the random variables. BX + D\ Yq e
| G o dit

Theorem: Expected value of a linear combination of random variables

If X andY are random variables and a and b are constants, then

E(aX +bY) = aE(X) +bE(Y) E( g\) =

—

)

and
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Poll Everywhere Question2

E(aX+ bY)
= (@ECO+ bECY)
gt @ e ] <2 - U )

Join by Web  PollEv.com/nickywakim275

7

- = - /4

14@

)

Powered by 0 Poll Everywhere
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Keep rolling dice!

Let the random variables X1, X, X3 be the values shown onrolls for 2 fair 6-sided dice and 1 unfalr die (as
described in our previous example). Suppose you are given.indollars the amount of the first roll, Blus twice the

&
value of the second roll, plus 4 times the value of the unfalr die roll.)Hewmuch money do you expect to get? )

Kis Xy Ky

)=
\ineav  comby : M = 1 - )<‘ E(X) T

E(M) = E(i-x,+;1><1+‘+><3> E(xiiif.g
= E(X) * RE(X)*+ 4 E(Xs)
=26+ 2(3.5)+ Y(4%.2)
6 27.3
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Variance of a linear combination

Theorem: Variance of a linear combination of random variables

If XandY a

e independentyandom variables andg_ and b are constants, then

Var(aX +bY) = a_2Var(X) +b*Var(Y)

——m®

Jar [aX + b> = o® Var(X)

\/M(iﬂ) =0
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feep eep OB lls g indeponduac|

Example: Expected money for rolling 3 dice

Let the random variables X1, X5, X3 be the values shown on rolls for 2 fair 6-sided dice and 1 unfair die (as
described in our previous example). Suppose you are given in dollars the amount of the first roll, plus twice the
value of the second roll, plus 4 times the value of the unfair die roll. What are tHg gJand standard
deviation of the amount you get from the 3 rolls? T

Var [ X, + 2%, ¥ 1 Xy)
= \/MV(XI)+ Q\QVQV(XL)‘I’ L|9“\/av(X3>

—
ok o i calcad oka
Yo Vaviane
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Learning Objectives

1. Define random variables and how they map to probability distributions

2. Calculate the expected value and variance of discrete random variables
3. Calculate the expected value and variance of linear combinations of discrete random variables

4. Calculate probabilities for different events using a Binomial distribution
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Binomial random variable

¢ One specific type of discrete random variable is a binomial random variable

Binomial random variable

e X is abinomial random variable if it represents the number of successes i dependent replications (or
trials) of an experiment where

= Each replicate has two possible outcomes: either success or failure

= The probabilityo p \0\,\}‘(‘)~
» The probability offailurefs ¢ = 1 — p ,}J\S’(ﬂ W

s.wv\./'

* Abinomial random variable takes onvalues 0,1, 2, . ..
e |fa r.v@s modeled by a Binomial distributon, then we write in shorthand X ~ Binom

* Quick example: The number of heads if a fair coinis a binomial random variable with parameters
STE
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Poll Everywhere Question 3

13:54 Mon Oct 14 FTLDC62% @

Join by Web  PollEv.com/nickywakim275

Which of the following scenarios can be modeled by a Binomial
distribution?

Nov k.
Measuring the height of students in a class

Poisson

Counting the number of cats in a household

N

Flipping a coi and ‘m:‘_ he
numbero Q Q 92

Recording the temperature throughout the

0
day 0%

Powered by @ Poll Everywhere
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Bernoulli distribution

e Whenn = 1, aka we have a single trial, we give a different name to the random variable: Bernoulli

P - —

Bernoulli random variable

Bernoulli random variable. If X is a random variable that takes value L.with probability of success p and O with
probability 1 — p (or g), then X is a Bernoulli random variable. T

e We call the probability of success p the parameter of the Bernoulli distribution.

e Ifarv. X is modeled by a Bernoulli distribution, then we write in shorthand X ~ Bernoulli(p) or
X ~ Bern(p) i
X ~ B\V\OV\A“,P)

Mean and SD of a Bernoullir.v.
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Relationship between Bernoulli and Binomial?

e The Bernoulli distribution is a special case of the Binomial distribution Whe

= Specifically:
Binomial(1, p) = Bernoulli(p)

e To get a Binomial distribution, we simply extend the scenario from a single trial to multiple independent trials.

= |f we conduct nn independent Bernoulli trials with the same success probability p, the total number of
successes across these n trials will follow a Binomial distribution

¢ Quick example:
= Bernoulli: If you flip a coin once, with probability p = 0.5 of landing heads, that is a Bernoulli trial.

= Binomial: If you flip the coin 5 times, and you want to know how many times it will land heads, the number of
heads will follow a Binomial distribution with parametersn = 5andp = 0.5
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Binomial distribution —> li/_lr H/AHIT /1 H/T

Distribution of a Binomial random variable

Let X be the total number of successes in n independent trials, each with probability p of a success. Then
probability of observing exactly k successes in n independent trials is n CV\ 00 S’Qf 7(
n - N
—> P(X:w):( p"(l—p)" % z=0,1,2,...,n - >
x)_ — y,8
N ‘u

-

e The parameters of a binomial distribution are p and n. e ! ( N- X) |

e |[farv. X is modeled by a binomial distribution, then we write in shorthand

Mean and variance of a Binomial rv

If X is a binomial r.v. with probability of success p, then E(X) = npand Var(X) = np(1 — p)
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Binomial distribution: R commands

R commands with their input and output:

R code What does it return? N , P

rbinom() returns sample of random variables with specified binoinial distribution
@inom () returns probabili§ of gettigg certain number of succ@

Bb_i_rjgm,(_) returns cumulative probabilitmg certain number or less successes
gbinom() returns number of successes corresponding t@
- ~— - — —_—

P(X=%) ?iom

-

P(Xex)
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Binomial distribution example (1/5)

Vaccinated people testing positive for Covid-19

Abo@of people that test positive for Covid-19 are vaccinated for Covid-19. Suppoeople have
tested positive for Covid-19 (mdependently of each other). Let X denote the number of people that are
(vaccmate'@ﬁa

mong the 10 that tested positive.

1. What is the expected value of X?
2. What is the SD of X?

3. What is the probability that exactly 4 of the 10 people that tested positive are vaccinated?
4.What is the probability that at most 3 of the 10 people that tested positive are vaccinated?
5. What is the probability that at least 5 of the 10 people that tested positive are vaccinated?

Wl n= 10 X = 3 vicginated,
125" P = 0.6 X %wxovv\(\o 0.25 )

() Cp)
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Binomial distribution example (2/5)

Vaccinated people testing positive for Covid-19

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19. Suppose 10 people have

tested positive for Covid-19 (independently of each other). Let X denote the number of people that are
vaccinated among the 10 that tested positive.

1. What is the expected value of X?
2. What is the SD of X?

O e()=pp=10- 025 = 3.5
Expuko\ \/aJl,w. of wl vaxx 1§ Q5

® Var (X)= np(lp) = 10-0.25 (1-0.35) = 1.87S
DO = Jvar () = {1875 = 1.36°
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Binomial distribution example (3/5)

Vaccinated people testing positive for Covid-19

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19. Suppose 10 people have
tested positive for Covid-19 (independently of each other). Let X denote the number of people that are
vaccinated among the 10 that tested positive.

3. What is the probability thatlexactly 4 of the 10 people that tested positive are vaccinated?
(47

g 10 thouse |
1
P(X =4) = ( 40> 0.25%(1 — 0.25)'* = 0.146

(

‘ ?dbinom(x = 4, size = 10, prob = 0.25) # d for distribution
P ——

[€] 0.145998)

* In general, forP(X k) we code: dblnom(x =® 51ze @ prob

T o alor i Yok :\u\r-hqm\g
4 &5{ \IU\XK{C’S 0.146 . 10 pW 0.8S
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Binomial distribution example (4/5)

Vaccinated people testing positive for Covid-19

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19. Suppose 10 people have
tested positive for Covid-19 (independently of each other). Let X denote the number of people that are
vaccinated among the 10 that tested positive.

4.What is the probability that at mosg 3 E)f the 10 people that tested positive are vaccinated?

P(X<3)=P(X=0)+P(X =1)+ P(X =2) + P(X = 3)
= 0.25°(0.75)%0 + <110) 0.25(0.75)° +(120) 0.252(0.75)% + (130> 0.253(0.75)"
@ e TRUE N |owU/Jm"

‘ (pbin;l qg = 3, size = 10, prob = 0.25, lower.tail = 'i‘) - FN[SE

N ————
[1] 0.7758751

* Ingeneral, for P(X < k) we code: pbinom(q @ size = n, prob = p) withlower.tail = Tasa
e ————— =
default option ===

£

—
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Binomial distribution example (5/5)

Vaccinated people testing positive for Covid-19

About 25% of people that test positive for Covid-19 are vaccinated for Covid-19. Suppose 10 people have
tested positive for Covid-19 (independently of each other). Let X denote the number of people that are
vaccinated among the 10 that tested positive.

5.What is the probability that(at least 5 éf the 10 people that tested positive are vaccinated?

PP(X:5)+P(X:6)+P(X:7)+P(X:8)+P(X:9)+P(X:10)

10 10
8 0.25°(0.75)° + ( 6 )0.256(0.75)4 +. ( ) 0)0 2510(0.75)°
=0s¥r58 (). 3 ' °
1 pbinom(qg = 4, size = 10, prob = 0.25,(}ower.tail —"j># switch to gregter Ehanl‘\
[1] 0.07812691 - ~ = ‘/( X=5)

1 -\pbinom(g
[1] 0.07812691

e Ingeneral, for P(X > k)wecode: pbinom(q = k, size = n, prob = p, lower.tail = F)
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Resources!

¢ Seeing theory: random variables
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https://seeing-theory.brown.edu/probability-distributions/index.html#section1
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