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Learning Objectives

— 1. Calculate probabilities for a pair of discrete random variables

2. Calculate ard-graph a joint, marginal, and conditional probability mass functio
3. Calculate and-grapha joint, marginal, and conditional cumulative distribution functio



What is a joint pmf? X X, = X,

Definition: joint pmf

The joint pmf of a pair of discreterv.s X and Y is

| =‘E’(X=xandY =y)=PX =x,Y =y)
Pr () Py ly)




This chapter’s main example

Let X and Y be two random draws from a box containing balls labelled 1, 2, and 3 without replacement.

—

—> 1. Find px y(X, y).
2.FindP(X +Y = 3).
3.FindIP(Y =1). N erg‘-vw\l PW‘-F
4.Find P(Y <2). |
5.Find the joint CDF Fx y(x,y) for the joint pmf px y(X,y)
6. Find the marginal CDFs Fx(x) and Fy(y)
7.Find px v(X|y). ] COHdiﬁ 0%&1. p VV\'F

8.Are X and Y independent? Why or why not?

/}01‘!/»‘1' pW\'F‘

j/oil/\,’l' CDF
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so what is PX,\/(X,U)?

> P(X=1,Y=a)=

P(X=1)P(Y=2]X=])

i P(ANB)=F(A)(BIA
Pey(xyg)=) /6 %7y Qz?é:?
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Remarks on the joint pmf
Some properties of joint pmf’s:
e Ajoint pmf px y(X,y) must satisfy the following properties:

= px.y(X,y) = Oforallx,y.
= ¥ ¥ pxy(x,y) =1

{all x} {all y}
e Marginal pmf’s:

" px(X) = X pxy(X,y)
{all y}

py(y) = > pxy(X,y)
sl



What is a joint CDF?

Definition: joint CDF

The joint CDF of a pair of discretervs X and Y is

Fxx(x.y) = PX = x@ndY = y) = PX s x.Y =)




Joint CDFs

Let X and Y be two random draws
from a box containing balls labelled
1, 2, and 3 without replacement.

5.Find the joint CDF Fx y(x,y) for

the joint pmf px v(X,y) F (X .| | \r[: l’>
P(X Y‘-&) P(X—| Y=1)+ =F($=\,Y’|):O
P(K‘I Y=2) = O+t
P(X=l ,Y£2) = P(X=),Y >+(P(X—\Y - )+ P(E=1,¥=3)= 0T ¢+k

g
P(Xéleég>:FfT(] )+ l=a (12t P (2, 1)1 pXY(;;S\B__/

(32 Pre(3D +Rey(3,2) ~0rte0r Eoh o5
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Remarks on the joint anﬁjx marginal CDF
1ol

e Fx(X): right most columns of thé“CDFtabIe (wherethe Y values are largest) within C(DF

e Fy(y): bottom row of the table (wherre Xvalues are largest) d '.agraWL—

* Fx(x) =qyli;I.£10 Fx y(x,y) FX,Y (%, lae o)

e Fy(y) = 11_>I£10 Fx v(X,y)




Independence and Conditioning
Recall that for events A and B,

« PA[B) = Far® =

e A and B areindependent if and only if
= P(A|B) = P(A)
» P(ANB) =PA) - PB)

Independence and conditioning are defined similarly for r.v.s, since

px(x) = P(X = x) and pxy(X,y) =PX =x,Y =y).

e ——

P(X) P(xaY)
w P,y (44) = P () Py (y)




What is the conditional pmf?

Definition: conditional pmf

The conditional pmf of a pair of discreterv's X and Y is defined as

PX=xandY =y) pxy(x,y) Joivt
PY =) T opy(y) merg

pxy(xly) = P(X =x|Y =y) =

[ if py(y) > 0.

Pyig (4= Fux Crp)

Px (%)




Remarks on the conditional pmf
The following properties follow from the conditional pmf definition:
e If X L Y (independent)

" px|v(X]y) = px(x)forallxandy

= pxx(x.y) = Px(Opy(y) forall xandy &~
= Which also implies (= FX ¥(X,y) = Fx(X)Fy(y) forallxandy

X, X _Z(Cj) dependent 4 bles (/1-1)
1,50, ..., re independen random varna S ( N PX (X) /DX_ sz)
. P, (X122 X0) = POX = %1% = 30 X —Xn)—pr(xl  Px, (%)

" Fx .. % (X1,X2,...,X) = P(X) =%, X <x,..., X, <Xp) = HP(Xi < X)) = HFXi(Xi)

- le (X,) FKL(X> F.Xn(x'*)
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%adwfézyfx 4) = Px(XDnybn) Voo A Y3 | X XY net ind_j







