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Learning Objectives

1. Calculate the variance and standard deviation of discrete random variables

2. Calculate the variance of sums of discrete random variables

3. Calculate the variance of functions of discrete random variables
i —
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Let’s start building the variance through expected values of functions

/\sw\a(lx X is a RV

Let g be a function and let g(x) = ax + b, O % b arc con Stants

for real-valued constants a and b. What is [ .
é X) S function of RV

E [2 iX}] — E [&X + b] \iﬂfal/l.-ha of exp val i
big ¥ = E[2X]+ E(W)
exp vl oL — « ¥ b ore conefants
Fanchon i = @& E(X> + L exp value of Constmnt=
PN constant
| exp solue of (onst. Hnes py
\f NOT (inear funchon: E[%(Xﬂ: E[XZ] IS nst. Hpas expRV

= ~y o~
9(%x)=x %(E[X])a



What is the expected value of a function?

Definition: Expected value of function of RV

For any function g and discrete rv. X, the expected value of g(X) is

ElgX)l= ), g0px().

{all x}

it gld=x* 1 E(X)= Z w7 pgl®) # [ prz(x)]
{allX) {a«'x}

E(x* é(X) fﬂ
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Let’s revisit the card example (1/2) p (V)
E[g9(X)]= E[X?]

'y
~C

Suppose you draw 2 cards from a

- P
standard deck of cards with Z K PX ( X‘)
replacement. Let X be the number of {aﬂ'x}
hearts you draw. (%)= 2 o X, x—~X
x) T K = a2 - >
1. Find E[X2]. 0 Zo X ( 7(> P (\ P
xX=

l
[ - 0* (D ET )

\ ?fﬁ): <i>px(1_p)2—x forx = 0,1,2 v 9\9_ (%’)(1‘02 (_:\>g
E(X™] = %
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’ o 6&+‘lﬁn? the Step closer h fn
Let’s revisit the card example (2/2) 4 \x ‘i fines vanance

30 = (x= %)

Suppose you draw 2 cards from a

standard deck of cards with E ( X) - ,_
replacement. Let X be the number of
hearts you draw. E [9 (X)] = E [ (X. }‘7—] 2 (%— _L) PX (x.)

2.Find E|(X - 2]. 7{:-“’6 o
o BB

allx
Recall Binomial RV withn = 2: { \

- o%( ) (3 (£3(EE)

ANOTHER wWAY: L) (L)( )('3") S
E(

E((E-4))=€E[X2-XT+v] = E(XWE(X) )=-§_ Lt
‘PNVS‘/IGLL - 3/8
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Variance of a RV Var (T) = S (%- ) Px (X)

allx

Definition: Variance of RV

The variance of arv. X, with (finite) expected value px = E[X] is 9 (7(,) = (7C "/Mx,> '

Var(X) = E[(X - )] = EI(X — E[X])*].
| — |

The standard deviation of arv. X is o’x
SD(X) = 1 /02 = v Var(X).
| -

measue of spread : what ar otter qLacune s?
E(X-Mx] = ¢

E[lX_MX)]
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Let’s calculate the variance and prove it!

Lemma 6: “Computation
formula” for Variance

The variance of arv. X, can be
computed as

0z = Var(X)
= E[X?] -
= E[X?] - (E[X])?

m—
——

Var (X)) = E[ (X-mx)*]
= E[:XZ— Z'X-MZ—+M'ZZ:|

{allx) T —
= 2 x"pg(x)-22 XMx Px(x) 2
{adlx} falhey L’ZXPX()C)/

{al ,
= E(x%) - 2 i}fx >x Pe(2) Px (x)

*}Z ol P (0
allx)
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T E(XT) - :{%ﬁz (E’X Pz;(@}‘ Px (x)

JF/ZVM;{(’L Px (x)
allx

_e(z) -2 S P02 P +‘§M”‘Pz(’°

iq\l)f’s {¢ alina} "3
= E(X) - & (EX)]” + /u% > Px(x)
— [lallx}
_ E(—Xﬂ’a[ﬁ:(z)]a*ﬁii must equal 1
S N~
[E(®)”

= E(x»)-[E®)?



(break) Some Important Variance and
Expected Values Results
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Variance of a function with a single RV

For arv. X and constants a and b, %(‘7‘) “ax+b shiftof b: all X coeg
o Lor K, so does
affect our varanc|

Var(aX + b) = a’?Var(X).

{

Proof will be exercise in homework. It’s fun! In a mathy kinda way.
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Important results for independent RVs

Theorem 8

rooted in fact Hrak
AlB P(AAB)=p(A)PLB)

For independent rvs X and Y, and functions g and h,

E[g(X)h(Y)] = E[g(X)IE[h(Y)].

——’-\

For independentrv/s X and Y, 9 C'X.) =K -K ('Ua) = (_3'

E[XY] = E[X]E[Y].

\
- S 2 g(x)k( :
\ € (9(X)R(N)) (Z}'{ }9 ‘9>w3

PX(X> Pr%‘)
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Variance of sum of independent discrete RVs

Theorem 9: Variance of sum of independent discrete rv.s

For independent discrete rv!s X; and constantsa;, 1= 1,2,...,n,

Var( zn: aiXi> = zn: aizV&Xi).
=1 —

i=1

Var (o X +2,Y)= var (&, X) + var(a,Y)
= a2 Var(X) « a, var(Y)
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Corollaries

Corollary 2

For independent discreterv/s X;,1=1,2, ... ,n,

Var< X1> = Z Var(X).
i=1 i=1
R — e ———

Corollary 3

For independent identically distributed (i.i.d.) discreterv/s X;,1 = 1,2, ... ,n,

Var<§Xi> =nVar(Xj).

=1

—
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Let’s revisit our ghost problems without replacement E(X)= &
R V\\mwﬂeowmc X = # chocolates (ot of §) wfowt replacenent
a2 4§
The ghost is trick-or-treating at a Vay (X> = E [(X B M’X>l] = E [X ]_ EE(.Xﬂ

different house now. In this case it is

known that the bag of candy has 10 vy [X z] = 2 7(/1 PX (X)\, éaz,{x}(x_ﬁkxy—Pg; (x)

chocolates, 20 lollipops, and 30 laffy {aﬂ)c} — c—
taffies. The ghost grabs a handful of _ .0 2 (10)[s0 9> 10 }/50
five pieces of candy. What is the ) >(g’0 t | ( ! ) (0 1 2‘_ 1 (—23{1)
variance for the number of (GS?) 6 ) ( 5
chocolates the ghost takes? Let’s SO
solve this for the cases without + 32 ( ‘?°> (S': L‘fz( >( W) 5_3 ( ( >
replacement. CG,O) (60) ( 659
—> Recall probability without replacement: = Zég = / 3 L//g
K\ (N-K S o~
5 pyw = W) e (%) - (B(x)]* = \ 5%3— (/e> = 0. é‘f7‘f

()

5 '0 wel| sce
60 A 60 |




Let’s revisit our ghost problems with replacement

The ghost is trick-or-treating at a
different house now. In this case it is
known that the bag of candy has 10
chocolates, 20 lollipops, and 30 laffy
taffies. The ghost grabs a handful of
five pieces of candy. What is the
variance for the number of
chocolates the ghost takes? Let’s
solve this for the cases with
replacement.

Recall probability with replacement:

px(x) = (E)pka —py

,_
pons Pyly)= PBUT) var(y)= | = P - <P>

w/ P”b
Is Ckog

X =# chocolates (W] r‘c,‘o)
'X_ = =§ Y( —9\(| = { \ (A lel.dy
O else

Yi's au md & identically dist. (irel)

var (X)) = VMV (2\('7 D lineority

Slpllp)]
==
Lo 5O
G 6

var (Y.) = €0 ~[E(Y,>]

E(Y5) = ?’ 4

0

1%p (Fp)

l\

P(\’P,



Back to our hotel example from Chapter 11

A tour group is planning a visit to the city
of Minneapolis and needs to book 30 hotel
rooms. The average price of aroom s
$200 with standard deviation $10. In
addition, there is a 10% tourism tax for
each room. What is the standard
deviation of the cost for the 30 hotel
rooms?

Problem to do at home if we don’t have
enough time.
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